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Abstract. We consider an Itô-financial market at which the risky assets’ returns are derived en-

dogenously through a market-clearing condition amongst heterogeneous risk-averse investors with

quadratic preferences and random endowments. Investors act strategically by taking into account

the impact that their orders have on the assets’ drift. A frictionless market and an one with quadratic

transaction costs are analysed and compared. In the former, we derive the unique Nash equilibrium

at which investors’ demand processes reveal different hedging needs than their true ones, resulting

in a deviation of the Nash equilibrium from its competitive counterpart. Under price impact and

transaction costs, we characterize the Nash equilibrium through the (unique) solution of a system

of FBSDEs and derive its closed-form expression. We furthermore show that under common risk

aversion and absence of noise traders, transaction costs do not change the equilibrium returns. On

the contrary, when noise traders are present, the effect of transaction costs on equilibrium returns

is amplified due to price impact.
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1. Introduction

It has been an undeniable fact that in several contemporaneous financial markets there are large

institutional investors whose trading strategies impact the assets’ prices (see among others the

empirical studies in [KY19] and [HHLT21]). Motivated by the related statistical evidence, a large

body of theoretical research on price impact modelling has been recently developed both in static

and dynamic settings (for comprehensive literature reviews on price impact models we refer to

[RY22] and [Web23]).

The majority of the existing models in this area, however, do not take into account a prevalent

force in the markets: the exogenous transaction costs. Especially when a market is thin, i.e. when

the average trading volume is low, transaction costs bedevil the investors in several forms, such

as broker and trading platform’s fees ([FIM18]) and searching-time for counterpart ([DGP05]).

Such transaction costs can be viewed as an additional layer of market friction, compounding the

challenges posed by its inherent non-competitiveness.

In this paper, we analyze a continuous-time market populated by strategically behaving investors

who account for their price impact while incurring transaction costs on their trades. We consider

risky assets following Itô dynamics, with their drifts endogenously determined at equilibrium. The

model accommodates the presence of noise traders, while the primary market participants are mean-

variance investors with heterogeneous random income processes. Driven by their hedging needs,

these investors trade risky assets, with the market-clearing condition determining the equilibrium

drift of asset returns. Unlike much of the existing literature (see among others [CC98] and [Bas00]),

we assume (as in [RW15]) that all investors are strategic, in the sense that each one takes into

account her impact to market equilibrium when submitting an order. However, unlike [RW15],

we impose (as in [BFHMK18]) quadratic transaction costs on investors’ trading, which we argue

provides a more realistic market setting for thin financial markets. To the best of our knowledge,

this is the first study to model equilibrium returns in a continuous-time market with heterogeneous

investors, while simultaneously accounting for both endogenous price impact and transaction costs.

Main contributions. The paper analyses and compares two main market settings: one without

transaction costs (also called frictionless) and another with the presence of transaction costs (also

called frictional market). We use the frictionless market as a benchmark to highlight the effect of

transaction costs on market equilibrium, but also to introduce in a more clear manner the way we

model investors’ price impact. For this, we write the market’s equilibrium return as a function of

each investor’s demand given that the rest of the investors act optimally (similarly to the static

models of [Ant17] and [AK17]). This creates a best-response function which in turn leads to a

continuous-time Nash equilibrium for market returns.

We derive these equilibrium returns in closed-form and verify that investors’ price impact does

always change the market’s drift when noise traders are present (even under common risk aversion).

In fact, at the equilibrium trading, price impact makes the investors reveal different hedging needs

than their true ones. In particular, this leads to lower non-competitive equilibrium returns (and

hence higher equilibrium prices) when noise traders buy the risky assets (from equally risk tolerant
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investors). Consistent to the related literature ([MR17] and [AK24]), we also show that Nash

equilibrium produces better utility gains for investors with sufficiently low risk aversion, when

compared with the associate competitive equilibrium.

We then apply this price impact concept in a market with quadratic transaction costs. For such

extension, we have to deal with a number of challenges. It is well known that equilibrium models

with transaction costs are intractable, because trading costs complicate the investors’ individual op-

timization objectives. In our case, the difficulty is further compounded by the absence of a general

explicit expression for competitive equilibrium returns, making it challenging to directly identify in-

vestors’ price impacts. For this, we restrict the class of admissible strategies and model’s parameters

and assume common risk tolerance, which in turn leads to the (frictional) best-response strategy

satisfying an explicitly solvable coupled but linear FBSDE. Building on this, we characterize the

investors’ Nash equilibrium demands through an associate system of linear FBSDEs, which admits

an explicit solution. We then derive a closed-form expression of the (frictional) Nash equilibrium

returns.

The closed-form formulas allow us to compare the market’s return under different types of equi-

libria in two directions: with and without transaction costs and with and without price impact.

The impact on investors’ frictional objectives comes both in their linear and quadratic parts. The

linear part exploits solely the direction of noise traders demand, while the quadratic part indicates

the negative effect of transaction costs on investor’s strategic behavior. On the other hand, we show

that investors’ price impact increases the part of the equilibrium return that stems from transaction

costs (when more than two investors participate in the market). In the special case of only two

strategic investors, the effect of transaction costs on equilibrium returns is equal between competi-

tive and non-competitive market’s structure. We also highlight the importance of homogeneous risk

preference on equilibrium comparison. In particular, when investors have common risk aversion and

there is no noise traders in the market, we show that frictional and frictionless Nash equilibrium

coincide (a result that holds under competitive market structure too).

Connection with the related literature. Our paper is linked with two strands of the literature:

equilibrium models with price impact and the optimal investment and equilibrium pricing under

transaction costs.

There are different categorisations of price impact models (with or without time-dynamic setting)

regarding the source of price impact and the (a)symmetry of participating investors. On one hand,

there is a vast literature that assumes exogenous price impact, e.g. [CC98], [AC00], [ATHL05],

[HW04] and [SZ19]. Therein, specific assumptions are used to justify the nature of the price impact

that could be permanent or temporary. In contrast to this approach, we follow the literature that

starts from the seminal work of [Kyl85] and considers an endogenously derived price impact. In

fact, similarly to the static models of [Ant17], [Viv11] and [MR17] and the time-dynamic ones in

[Vay99] and [RW15], all investors, except the noise ones, have symmetric bargaining power and

internalize their ability to affect the equilibrium returns. More recently, a continuous-time model

for non-competitive markets has been studied in [CLS21], where in contrast to our setting, each

investor’s optimization problem considers the surplus of wealth above a stochastic target at the
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terminal time. This model with the presence of linear transaction costs has been analysed by

[NW22].

There are two main advantages of imposing endogenous price impact: the first is that there is

no need to impose an exogenous parametrization of impact and second that we can analyse the

equilibrium price impact in terms of investors’ characteristics such as their risk exposures, risk

preferences and/or even their population.

Our work contributes also on equilibrium market models with transaction costs incorporating

a non-competitive market structure. Under that perspective, we partially extend the equilibrium

models of [BFHMK18] and [HMKP21] and show that price impact not only can be taken into

account, but also the equilibrium outcomes can be analytically and qualitatively compared. Equi-

librium models with dynamic trading and transaction costs, however without assuming price im-

pact, have been developed both in discrete-time setting (e.g. [BD19]) and under continuous-time

(e.g. [Vay98]). Equilibrium continuous-time models with transaction costs are also developed in

[VV99] and [Wes18], but under simplified settings with deterministic asset prices.

On the other hand, Nash equilibria under price impact and transaction costs in an dynamic

setting have studied in [SZ19] and [LS19] and more recently extended in [CL24], under the notion

of price impact game. In contrast to our setting, these works consider exogenous price impact,

while the trading occurs in discrete times.

Structure of the paper. This paper is organized as follows: Section 2 presents the model’s

ingredients and the simple case of the competitive equilibrium with no transaction costs. In Section

3, we introduce the price impact modelling in a frictionless market, derive the closed-form expression

of the Nash equilibrium returns and comment on its intuition. In Section 4, we generalize the model

by including quadratic transaction costs and solve the system of FBSDEs that characterizes the

corresponding Nash equilibrium returns. Finally, in Appendix A we provide the proofs of Section

3, while the proofs of Section 4 are given in Appendix B.

2. The Model Set-up

We fix a probability space
(
Ω,F ,P

)
equipped with an augmented filtration F := (F(t))t∈[0,T ]

generated by a standard d-dimensional Brownian motion W , and a finite time horizon T > 0. We

also fix a constant r ≥ 0, which will stand for the time discount rate.

2.1. The market. We consider a market with d + 1 assets and their cumulative return processes

R = (Ri : 0 ≤ i ≤ d+ 1). The first one is exogenous and holds no risk, while the remaining assets

are risky with returns modeled by the following Rd-valued Itô process:

(1)


dR1(t)

...

dRd(t)

 =


ν1(t)
...

νd(t)

 dt+

σ1,1 · · · σ1,d
...

...

σd,1 · · · σd,d



dW 1(t)

...

dW d(t)

 , Ri(0) = 0, i ∈ D,

where D := {1, 2, ..., d}. Here, the Rd-valued (local) return process ν = (νi : i ∈ D) is going to be

endogenously determined at the market equilibrium, while the constant Rd×d-valued infinitesimal
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covariance matrix Σ := σσ
′
is given exogenously and is assumed to be (symmetric) positive definite.

In the above representation W can be seen as the risk factors of the market that adds noise to the

assets’ returns. Through (1) we also characterize the dynamics of the risky assets’ price processes

S = (Si : i ∈ D) as:

(2) dSi(t) = Si(t)dRi(t), i ∈ D,

together with the specified initial values (Si(0) : i ∈ D) which are strictly positive. Regarding the

riskless asset we require it pays and charges no interest, i.e. we set R0 = 0 and S0 = 1. This means

that we can consider the wealth and endowment processes at discounted terms.1

2.2. The investors. We consider N investors with quadratic preferences over their wealth at time

terminal time T and risk tolerance coefficients denoted by δm > 0 for each m ∈ I := {1, 2, ..., N}.
They are about to continuously trade in the market in order to hedge their exogenously given risks.

We assume that each investor’s random endowment process stems from her exposure to market’s

risk factors. In particular, we consider the following cumulative endowment process:

(3) dYm(t) = (ζm(t))
′
σdW (t), m ∈ I,

where ζm = (ζim : i ∈ D) is an adapted process that describes the exposure of investor m to the

risk factor. The stochasticity of ζm for each m ∈ I implies that this exposure change through

time and hence investors’ hedging needs change accordingly. Hence, in contrast with some part of

the literature (e.g. [CC98], [RW15] and [CLS21]), investors do necessarily have initial units of the

risky assets. Note that time-changing exposure to risk factors implies that even if the equilibrium

transaction among investors is Pareto optimal, continuous endowments’ changes create room for

mutually beneficial trading.

Remark 2.1. Considering only the diffusion part of the investors’ random endowment in (3) comes

without loss of generality. Indeed, as stated in [HMKP21], since the solution to the investors’ objec-

tive functional (see (5) below) is invariant to any additional finite variation part or to endowment’s

shocks that are orthogonal to the market. In other words, under suitable integrability assumptions,

(3) could be generalized to:

dYm(t) = dAm(t) + (ζm(t))
′
σdW (t) + dM⊥

m(t), m ∈ I,

where the R-valued, finite variation process Am models the cumulative cashflows not spanned by

the assets and the R-valued orthogonal martingale M⊥
m stands for any unhedgeable shocks in the

investors’ endowment.

1The main economic assumption that is imposed regarding the riskless asset in our framework is that its price is
not cleared within the equilibrium. In other words, we consider the investors who trade and clear the market of
a bundle of risky asset, while they do not impact or change the value of the riskless asset. On the other hand,
we assume that R0(0) = 0 for clarity, since we would arrive at the same results by taking R0 to be an arbitrary
adapted, continuous process of finite variation with R0(0) = 0, S0 satisfying: dS0(t) = S0(t)dR0(t) for S0(0) = 1 and
considering Ri − R0, Si/S0, i ∈ D, as our respective return and price processes, which once more satisfy (2). We
can summarize the aforementioned as normalizing the riskless asset price process to one, and “expressing everything
else in its units”, through discounting.
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The amount of money that each investor invests on the risky assets is given by the Rd-valued
processes ϕm = (ϕim : i ∈ D), for each m ∈ I, which shall be called portfolios or demands. Com-

bining trading in the market with the endowment process and assuming no additional withdrawn

or deposit of money until time T , we get that the dynamics of the each investor’s total wealth is of

the following form:

(4) dVm(t) = (ϕm(t))
′
dR(t) + dYm(t), 1 ≤ m ≤ N.

Although, it is not a necessity for the model, we consider the potential participation of noise

liquidity providers, hereafter called noise traders, whose demand is exogenously given and denoted

by the Rd-valued process ψ.

We will use the following class of processes for any 1 ≤ p <∞:

Hp :=

{
X : [0, T ]× Ω → Rd : X optional s.t. ∥X∥Hp := E

[ ∫ T

0
∥X(t)∥p2dt

]1/p
<∞

}
,

and impose the following standing assumption:

Assumption 2.2. ψ, ϕm, ν and ζm ∈ H2, for all m ∈ I.

Remark 2.3. Note that we could also represent the investors’ holdings in units of assets as: θim :=

ϕim/S
i for each i ∈ D m ∈ I. That is, by the associativity of the semimartingale integral we have

that (4) can also be written as:

dVm(t) = (θm(t))
′
dS(t) + dYm(t), m ∈ I.

2.3. Equilibrium returns in a competitive market with no transaction costs. We start

our equilibrium study with the simplest case of a competitive market without transaction costs.

Although this equilibrium is not our main focus, we use it as a benchmark for equilibrium compar-

isons that helps the related intuition discussion. Herein, the objective of investor m is to choose a

portfolio ϕ through the maximization of the following quadratic functional Fm : H2 → R defined

as:

Fm(ϕ) := E
[∫ T

0
e−rt

(
(ϕ(t))

′
dR(t) + dYm(t)−

1

2δm
d

[∫ .

0
(ϕ)

′
dR(s) + Ym

]
(t)

)]
, m ∈ I,

where the wealth dynamics are given by (4). Hence, the optimization problem is written as:

(5) sup
ϕ∈H2

E
[ ∫ T

0
e−rt

(
(ϕ(t))

′
ν(t)− 1

2δm
(ϕ(t) + ζm(t))

′
Σ(ϕ(t) + ζm(t))

)
dt

]
, m ∈ I.

Remark 2.4. The presence of the discount factor e−rt in optional, since we could simply set r = 0.

A strictly positive r implies the presence of a penalizing term on investors’ objective functional when

the wealth is utilized later in time.

By the strict concavity of Fm(ϕ) the unique solution of (5), denoted by ϕ̂m, is derived via a

simple pointwise optimization, and has the following representation:

(6) H2 ∋ ϕ̂m := δmΣ
−1ν − ζm, ∀m ∈ I.
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The above investment strategy shall be called the competitive frictionless optimal portfolio of in-

vestor m. Note that the first term of (6) is the classic quadratic optimal portfolio (also called

Merton’s portfolio), while the second reflects the investor’s hedging needs.

Under competitive market structure with no transaction costs, the local return process ν of (1)

is determined simply by the market-clearing condition, where a zero-net supply is imposed:

(7) ϕ̂1(t) + · · ·+ ϕ̂N (t) + ψ(t) = 0, ∀ t ∈ [0, T ].

Without transaction costs and when all investors are price takers, we readily get from (6) and

(7), the explicit form for the equilibrium return process, henceforth called frictionless competitive

equilibrium returns:

(8) µ :=
Σ(ζ − ψ)

δ
,

where the aggregate investors’ risk exposure and risk tolerance are defined as:

(9) ζ :=

N∑
m=1

ζm and δ :=

N∑
m=1

δm.

Due to Assumption 2.2, we directly verify that µ ∈ H2. Equilibrium (8) is indicative for the

discussion that follows. Say d = 1, for simplicity. Assuming that the aggregate investors’ exposure

to market shocks is higher than the corresponding noise demand, the equilibrium returns increase

when aggregate risk tolerance decreases and the asset’s volatility increases. This is intuitive: lower

risk tolerance and higher risk means that investors decrease their demand for the asset and hence

equilibrium returns increase. Note that higher equilibrium returns essentially imply that investors

require higher expected returns in order to invest on the asset, a situation that is consistent to lower

demand. On the other hand, higher exposure to market shocks increases investors’ demand and

hence decreases the required expected returns at the equilibrium.

3. Price Impact in a Market with no Transaction Costs

We are now ready to introduce the way we model investors’ price impact. For this, we first take

the position of n-th investor and assume (for now) that she acts strategically, while the rest of the

investors behave as price takers. This set-up gives rise to a best-response function, which ultimetely

leads to the Nash equilibrium when all investors adopt the same strategy. Although treating all but

one investor as price takers is a preliminary step toward deriving the Nash equilibrium, this analysis

is insightful in its own right. It elucidates the intuition behind the price impact that is proposed in

our model and also its distinction from the competitive equilibrium. Moreover, the assumption of

a single strategic investor can be realistic in certain cases, such as when a large investor influences

the market solely due to her size.2

2A prominent example of such a framework is provided in [CC98], where a large investor accounts for her impact
on assets’ returns when optimizing her policy, while other investors remain price takers. Similar to our model, the
equilibrium assets’ returns in [CC98] are affected by the large investor’s individual optimization. However, the price
impact on returns in their model is imposed exogenously. In a way, our model builds on [CC98] by proposing a specific
endogenous price impact process, which could lead to a Nash equilibrium when all investors act strategically.
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Consider again the market clearing condition (7) and assume that all the investors, besides the

n-th one, act optimally through (6). In the spirit of [Ant17], we readily observe that market’s

returns can be viewed as a function of investor n’s demand. Indeed, in this context the clearing

condition is written as:

(10) ϕn(t) +
N∑
m=1
m̸=n

(
δmΣ

−1ν(t)− ζm(t)
)
+ ψ(t) = 0, ∀ t ∈ [0, T ], ∀ ϕn ∈ H2.

Now, solving for ν we get how any demand ϕn submitted by the investor n affects the equilibrium

returns (letting the rest of the investors act optimally as price-takers). In other words, we introduce

the price impact process of investor n, νn(ϕ) ∈ H2 defined as

(11) νn(t;ϕ) =
Σ(ζ−n(t)− ψ(t)− ϕ(t))

δ−n
, ∀ t ∈ [0, T ], ∀ ϕ ∈ H2,

where ζ−n :=
∑N

m=1,m ̸=n ζm and δ−n :=
∑N

m=1,m ̸=n δn denote respectively the aggregate exposure

to market shocks and the aggregate risk tolerance of the rest of the investors. Under a slight abuse

of notation we distinguish between the price impact process of an investor n, νn(·) and the local

market’s return process ν, which is to be determined at the equilibrium.

Note that functional νn(ϕ) indicates that when investor n submits positive demand for the asset,

the equilibrium return decreases at a rate of Σ/δ−n.

Assuming that investor n acts strategically, we essentially consider her optimal demand problem

(5) to take into account her impact on equilibrium returns through (11). In other words, her

adjusted objective functional for investor n, F̃n : H2 → R, is given as:

(12) F̃n(ϕ) := E
[ ∫ T

0
e−rt

(
(ϕ(t))

′
νn(t;ϕ)−

1

2δn
(ϕ(t) + ζn(t))

′
Σ(ϕ(t) + ζn(t))

)
dt

]
.

Recalling (11) and rearranging the terms, we get the following optimization problem:

(13) sup
ϕ∈H2

E

[∫ T

0
e−rt

(
(ϕ(t))

′
Σ
(ζ−n(t)− ψ(t)

δ−n
− ζn(t)

δn

)
− kn

2
(ϕ(t))

′
Σϕ(t)− 1

2δn
(ζn(t))

′
Σζn(t)

)
dt

]
,

where

kn :=
1

δ−n
+

1

2δn
.

To simplify the formulas, we introduce the notation for each investor’s relative risk tolerance:

λm :=
δm
δ

and λ−m := 1− λm, m ∈ I.

The following proposition deals with the solution of problem (13).

Proposition 3.1. Under Assumption 2.2, the optimization problem (13) has the following unique

solution:

(14) H2 ∋ ϕ̃n :=
λn(ζ−n − ψ)− λ−nζn

λn + 1
.

Henceforth, we also refer to (14) as the best-response strategy of investor n in the frictionless

market.
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Remark 3.2. Comparing the best-response strategy of investor n with the respective competitive

optimal strategy (6) at the competitive equilibrium we directly get:

ϕ̃n(t) =
1

λn + 1
ϕ̂n(t), ∀ t ∈ [0, T ].

Hence, investor n has motive to decrease the volume of her demand (positive or negative) when

compared to her price-taking demand. Intuitively, lower demand implies a lower equilibrium price

and hence higher required return for the assets that the investor is about to buy.

On the other hand, we have that the equilibrium returns when only investor n acts strategically,

µn, take the following form:

(15) H2 ∋ λn
λn + 1

µ−n +
1

λn + 1
µ,

where µ−n := Σ(ζ−n − ψ)/δ−n is the competitive equilibrium without the presence of the strategic

investor n and µ is the competitive equilibrium when all investors are present (given in (8)). This

implies that the equilibrium returns are the average return of the competitive equilibrium µ for all

the market and the competitive equilibrium without investor n, meaning that the impact of investor

n’s strategy drives the equilibrium return between µ−n and µ.

3.1. Investors’ revealed risk exposure. By applying strategy (14), investor n drives the equi-

librium returns to (15), i.e. to a different equilibrium than the competitive one. As mentioned in

the introductory section, the main reason for investors’ trading in this market is to hedge their risk

exposure (the other reason is to offset noise traders’ demand). When investor n applies strategy

(14), she essentially reveals different hedging needs than her true ones. In order to see that, recall

the price-taking demand (6), where the risk exposure is the intercept point of the affine demand

function. Under price impact, investor n submits a different demand function and hence the im-

plied risk exposure is shifted. This creates the very useful and intuitive notion of the revealed risk

exposure that is formally defined below.

Definition 3.3 (Revealed risk exposure process). For any given demand process ϕ ∈ H2 of investor

m and local returns ν ∈ H2 pinned down at the equilibrium, the revealed exposure of investor m is

defined as:

(16) ζm(ϕ) := δmΣ
−1ν − ϕ, ∀m ∈ I.

With a slight abuse of notation, we distinguish between the revealed risk exposure process ζm(·)
and the true exposure process, ζm of each investor m. Departing from the above definition, we

derive the following result:

Proposition 3.4. Impose Assumption 2.2. The revealed exposure from the equilibrium returns µn,

in (15), and the demand ϕ̃n of investor n, in (14), is given as:

(17) ζn(t; ϕ̃) =
λ2n

1− λ2n
(ζ−n(t)− ψ(t)) +

1

1 + λn
ζn(t), ∀ t ∈ [0, T ].

Remark 3.5. From the representation of the revealed exposure (17), we get two key observations.

First, the revealed exposure of the strategic investor is written as a function of the other investors’
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exposure. Aiming to the Nash equilibrium, we could, therefore, apply the best-response function

in terms of investors’ risk exposure, rather than investors’ demands. As we will see below, this

formulation is quite convenient.

Second, we directly get an interesting intuition: The coefficient of the second term in (17) is

positive and less than one. Whence, investor n’s revealed risk exposure is a fraction of her true one

and a part of the net aggregate exposure ζ−n − ψ. The latter can be called residual exposure, since

it stands for the aggregate exposure to market of the rest of the investors (after the offsetting of

the noise traders’ demand). In other words, strategic investor n on the one hand lessens the true

exposure of her endowment and on the other supplements it by a fraction ∝ (ζ−n − ψ). We could

think of the above strategy as investor n declaring only a part of her true exposure to the rest of

the investors, while exploiting her impact on the equilibrium by submitting exposure similar to her

counterparties.

A reasonable question that arises is when does the strategic demand of an investor coincides with

the competitive one. As stated in the following corollary, this coincidence never happens, as long

as investor’s demand at competitive equilibrium is non-zero.

Corollary 3.6. Under Assumption 2.2, it holds that:

ϕ̂n(t) = ϕ̃n(t), ∀ t ∈ [0, T ], if and only if ϕ̂n(t) = 0, ∀ t ∈ [0, T ].

Note that it is rather standard to have ϕ̂n(t) ̸= 0. Indeed, from (6) and (8), we get that condition

ϕ̂n = 0 holds if and only if λn(ζ−n − ψ) = (1 − λn)ζn. Even if the investors’ endowment have a

specific linear dependence, the presence of noise traders makes the condition extremely rare.

3.2. The Nash equilibrium returns in a market with no transaction costs. We now con-

sider a market where all the investors act strategically by applying the strategy that is determined

by problem (12). Recalling (16), we define the Nash equilibrium returns using the best-response of

the revealed risk exposure. The formal definition is given below:

Definition 3.7. The processes (ϕ̆m ∈ H2 : m ∈ I) are called investors’ Nash optimal demands if for

eachm ∈ I, ϕ̆m solves (13), where the exposure of the other investors is shifted to ζi(ϕ̆), i ∈ I\{m}.
In turn, the return process induced by the market-clearing condition when all the investors act

according to their Nash optimal demands, is called Nash equilibrium returns.

In the view of (14) and (16), investors’ optimal demands (ϕ̆m ∈ H2 : m ∈ I) solve the following

linear system:

(18) ϕ̆m =
λm(ζ−m(ϕ̆)− ψ)− λ−mζm

λm + 1
, m ∈ I,

where ζ−m(ϕ̆) :=
∑N

i=1,i ̸=m ζi(ϕ̆). The fact that solutions to the above belong in H2 is guaranteed

by Assumption 2.2 and system’s linearity. In other words, Nash equilibrium demands have the form

of the best-response strategy (14), but with the rest of the investors being strategic too. Armed

with the above, we give the following characterization:
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Theorem 3.8. Under Assumption 2.2, the unique Nash equilibrium returns in a market without

transaction costs take the following form:

(19) H2 ∋ µ̆ :=
Σ

δ

(ζ − ψ)−
∑N

m=1 λmζm

1−
∑N

m=1 λ
2
m

.

As Corollary 3.6 implies, Nash equilibrium is generally different than the competitive one. Indeed,

using (8) and (19) we readily get that:

(20) µ̆(t)− µ(t) =
Σ

δ

1

1−
∑

m∈I λ
2
m

∑
m∈I

λmϕ̂m(t), ∀ t ∈ [0, T ],

where we recall that ϕ̂n is the investor n’s optimal demand at the competitive equilibrium, given in

(6). The difference of equilibrium returns with and without price impact given in (20) also called

liquidity premium created by the presence of price impact. Similarly to the condition ϕ̂n = 0, the

weighted sum
∑

m∈I λmϕ̂m rarely equals to zero. For example, when investors have the same risk

tolerance, i.e. δm = δ̄, ∀m ∈ I, the liquidity premium equals to −(Σ/δ̄N(N − 1))ψ, which vanishes

if and only if there is no noise demand in the market. In other words, there is no liquidity premium

due to price impact only when investors’ risk tolerances are equal and there is no noise trader.

On the other hand, even if ψ = 0, then µ̆ = µ holds if and only if ζ =
∑

m∈I λmζm/
∑

m∈I λ
2
m,

which is a quite rare condition.

The effect of price impact on the equilibrium returns has also a monotonicity property. In

particular, we get from (20) that when δm = δ̄, ∀m ∈ I: (µ̆ − µ)′ψ ≤ 0, which means that price

impact creates liquidity premium on the assets’ required return in the opposite direction to noise

traders demand. This is apparent when d = 1: A positive (resp. negative) noise demand decreases

(resp. increases) the equilibrium required asset return, or equivalent increases (resp. decreases) its

price. This implies that the noise traders will buy (resp. sell) the asset at a higher (resp. lower)

price (an effect that benefits the investors in the aggregated level).

Another issue that stems from equilibria comparison is whether the utility gain (or utility surplus)

that is created by the trading is higher or lower for each investor due to price impact. In general,

competitive equilibrium is consistent with Pareto optimal allocation and hence another equilibrium

allocation decreases the aggregate gain of utility. However, in individual level, Nash equilibrium

may be beneficial for some investor(s). This feature appears in several recent non-competitive

settings such as [AK24] and [MR17].

To this end, we define the utility surplus for each asset return ν ∈ H2 and each admissible

strategy ϕ ∈ H2 of the investor m as USνm(ϕ) := Fm(ϕ)−Fm(0), for each m ∈ I.
In the view of the related literature we get the following limiting result for investor n = 1 (which

can be directly generalized to any investor by symmetry):

Proposition 3.9. Impose Assumption 2.2 and fix (δ2, ..., δN ) ∈ (0,∞)N−1. Then, we get:

lim
δ1→∞

USµ1 (ϕ̂) = 0
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and on the other hand:

lim
δ1→∞

USµ̆1 (ϕ̆) = E
[ ∫ T

0
e−rt

1

4δ−1
(ζ−1(t)− ψ(t))′Σ(ζ−1(t)− ψ(t))dt

]
≥ 0.

Note that δ1 = ∞ refers to risk-neutral investor (vanishing risk aversion). Due to positive

definiteness of Σ, limδ1→∞USµ̆1 (ϕ̆) is normally strictly positive and becomes zero if and only if the

noise traders’ demand exactly matches (in a dt ⊗ dP sense) the hedging demands of the rest of

the investors. Therefore, the risk-neutral investor benefits from the price impact as long as noise

traders demand is different than the rest of the investors’ risk exposure. In fact, her utility gain

essentially stems from the aggregate difference ζ−1(t)− ψ(t).

4. Price Impact in a Market with Transaction Costs

In this section we aim to generalize the concept of the Nash equilibrium under the presence

of exogenous market transaction costs. As in the frictionless case, we build our price impact

equilibrium upon the corresponding competitive one. For this, we begin our analysis with a brief

introduction on the competitive equilibrium when each investor faces transaction costs upon trading.

4.1. Competitive market with transaction costs. As mentioned in the introductory section,

we build on the setting of [BFHMK18] and consider market’s transaction costs and more precisely

in the form of quadratic costs on the rate of trading. Hence, the frictional (i.e. with transaction

costs) analogue of the competitive functional, denoted by FΛ,m, is defined as:

(21) FΛ,m(ϕ) := E
[ ∫ T

0
e−rt

(
(ϕ(t))

′
ν(t)− 1

2δm
(ϕ(t) + ζm(t))

′
Σ(ϕ(t) + ζm(t))− (ϕ̇(t))

′
Λϕ̇(t)

)
dt

]
,

for each m ∈ I, where ϕ̇m(t) := dϕm(t)/dt stands for investor’s trading rate and Λ is an Rd×d-
valued constant diagonal and positive definite matrix. In words, investors face the same costs that

are proportional to the square of their trading rate. Furthermore, since the frictional competitive

functional involves the investor’s trading rate, a natural assumption to avoid infinite transaction

costs is to impose ϕ̇m ∈ H2, for each m ∈ I.
Focusing on demand functions of the form ϕm(t) =

∫ t
0 ϕ̇m(s)ds, m ∈ I, we can state our maxi-

mization objective in optimal control terms. More precisely, for each m ∈ I, ϕm can be viewed as

a state variable which is gradually evolved by adjusting to the control ϕ̇m. Hence, the objective of

investor m for a competitive market with transaction costs could be written as

(22) sup
ϕ̇m∈H2

FΛ,m(ϕ̇).

From [BFHMK18, Lemma 4.1], we get that (22) has a unique solution which is characterized by

the following coupled and linear Forward-Backward SDE (FBSDE) for each m ∈ I:

(23)

dϕm(t) = ϕ̇m(t)dt, ϕm(0) = 0,

dϕ̇m(t) = dMm(t) +
Λ−1Σ

2δm
(ϕm(t)− ϕ̂m(t))dt+ rϕ̇m(t)dt, ϕ̇m(T ) = 0,
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where Mm ≡ (Mi,m : i ∈ D) is a Rd-valued, square integrable (continuous) martingale determined

as part of the solution, and ϕ̂n is the frictionless competitive optimal given by (6).

4.2. The price impact of a single investor in a market with transaction costs. We return

to the concept of price impact imposing now transaction costs to the market. As in the frictionless

equilibrium, we first consider the simplified case, where only one investor (say investor n) acts

strategically, while the rest stay price-takers. Although there is a characterization of the unique

equilibrium in the competitive setting, there is no general explicit formula for the equilibrium

returns. This comes in sharp contrast to the frictionless case and makes the determination of

the impact of investor n to the equilibrium return (and hence her best-response) quite challenging.

However, as we shall show below, the following assumption allows us to go beyond a characterization

of the market’s equilibirum returns and deal both with the best-response and the Nash equilibrium

under transaction costs.

Assumption 4.1. Investors have the same risk tolerances: δm = δ̄, for each m ∈ I.

Assumption 4.1 allows us to derive an explicit formula for the price impact process under transac-

tion costs (recall (11) for the frictionless case). It could be withdrawn, however, when we consider

the case of two investors (i.e. N = 2), where we still get similar Nash equilibrium results (see

Theorem 4.12 below).

Now, as it can be seen by [BFHMK18, Theorem A.4], (23) admits a (pathwise) unique solution.

More precisely, the BSDE part of the solution, assuming ζm, ν ∈ H2 for all 1 ≤ m ≤ N , belongs to

the following class of continuous semimartingales:

A :=
{
X : dX(t) = aX(t)dt+ dMX(t), s.t. X(T ) = 0, aX ∈ H2, square integrable MG MX

}
.

In turn, we define the set:

WA :=
{
X : dX(t) = Ẋ(t)dt, t ∈ [0, T ], X(0) = 0 and Ẋ ∈ A

}
,

which forms the new admissible class of investor n’s demand in a market with both transaction

costs and price impact. We hence update Assumption 2.2 to:

Assumption 4.2. ζm, ν ∈ H2 for all m ∈ I and ϕn, ψ ∈ WA.

When considering the frictional analogue of the price impact process for investor n introduced in

(11), A becomes a natural choice for her control. In other words by observing how the rest of the

investors act optimally as price takers at the equilibrium, the strategic investor elicits information

from them and informs her choices; leading to an updated optimization objective. In particular, we

have:

Lemma 4.3. Impose Assumptions 4.1 and 4.2. In a market with transaction costs, when only

investor n acts strategically the objective functional (21) becomes F̃Λ,n : A → R:

F̃Λ,n(ϕ̇) := E
[ ∫ T

0
e−rt

(
(ϕ(t))

′
(Σ(ζ−n(t)− ϕ(t)− ψ(t))

δ̄(N − 1)
+

2Λ

N − 1
(aψ̇(t)− rψ̇(t))

)
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− 1

2δ̄
(ϕ(t) + ζn(t))

′
Σ(ϕ(t) + ζn(t))− (ϕ̇(t))

′
(
Λ +

2Λ

N − 1

)
ϕ̇(t)

)
dt

]
.(24)

Remark 4.4. Comparison of (24) and (12) directly indicates the impact of the transaction costs

on the investor’s objective functional. While the term Σ(ζ−n − ϕn − ψ)/δ̄(N − 1) is common in

both cases (assuming equal risk tolerances), transaction costs add two additional terms: one in the

linear part which depends on noise demand 2Λ(aψ̇ − rψ̇)/(N − 1) and another in the quadratic part

(on top of ϕ̇′Λϕ̇). In particular, for the first term we get that if noise traders sell at a constant

rate, positive investor’s demand increases her utility due to price impact. This effects comes solely

due to the presence of transaction costs. On the contrary, the second term implies that price impact

does increase the effect of the transaction costs, even when there is no noise traders.

Based on a calculus of variations argument, we get the following result for the frictional best-

response strategy of investor n:

Proposition 4.5. Impose Assumptions 4.1 and 4.2. The unique solution (ϕ̃Λ,n,
˙̃
ϕΛ,n) of (24) is

characterized by the following FBSDE:

(25)
dϕ̃Λ,n(t) =

˙̃
ϕΛ,n(t)dt, ϕ̃Λ,n(0) = 0,

d
˙̃
ϕΛ,n(t) = dM̃n(t) +B(ϕ̃Λ,n(t)− TPn(t))dt+ r

˙̃
ϕΛ,n(t)dt,

˙̃
ϕΛ,n(T ) = 0,

where:

(26) TPn := ϕ̃n +
2δ̄Σ−1Λ

N + 1
(aψ̇ − rψ̇), B :=

Λ−1Σ

2δ̄
,

ϕ̃n is the best-response strategy in frictionless case, given in (14) and M̃n is a continuous square

integrable martingale derived as part of the solution.

The form of (25) gives some interesting insights when compared to its frictional competitive

analogue (23). In particular, both of the optimal trading rates consider investment at the same

rate, but towards a different target portfolio. In other words, both frictional competitive optimal

strategy of investor n and its strategic counterpart are “myopic”, in the sense that they trade

towards their respective frictionless maximizers.

Equation (25) belongs to the class of linear FBSDEs, which are well-studied in the context of

dynamic portfolio choice or even under more general settings (see among other the explicit solutions

in [BFHMK18] and [BSM17] or a more general discussion in [MY07]). Following along those lines,

we get:

Proposition 4.6. Impose Assumptions 4.1 and 4.2. The unique optimal demand ϕ̃Λ,n ∈ WA that

satisfies (25) admits the following explicit form:

(27) ϕ̃Λ,n(t) =

∫ t

0
e−

∫ t
s F (u)duT̃Pn(s)ds,

where

F (t) := −
(
∆G(t)− r

2
Ġ(t)

)−1
BĠ(t), ∆ := B +

r2

4
Id, G(t) := cosh(

√
∆(T − t))
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T̃Pn(t) :=
(
∆G(t)− r

2
Ġ(t)

)−1
E
[ ∫ T

t

(
∆G(s)− r

2
Ġ(s)

)
Be−

r
2
(s−t)TPn(s)ds

∣∣∣∣F(t)

]
and B is given in (26).

Based on the above characterization, we are able to provide a closed-form expression for the

equilibrium returns under transaction costs when only investor n acts strategically and the rest of

the investors are price takers.

Corollary 4.7. Impose Assumptions 4.1 and 4.2. In a market with transaction costs, when only

investor n acts strategically, the unique equilibrium returns in this context are given by:

(28) H2 ∋ µΛ,n := µn +
2NΛ

N2 − 1
(aψ̇ − rψ̇),

where µn is the corresponding frictionless equilibrium given in (15).

Remark 4.8. A direct consequence of (28) is that equal risk tolerances result in equilibrium re-

turns under single investor’s price impact with transaction costs being equal to the corresponding

frictionless equilibrium if there is no noise traders (i.e. no liquidity premium is created). This is in

line with the price-taking equilibrium. Indeed, as shown in [BFHMK18], quadratic transaction costs

do not change the equilibrium returns as long as there is homogeneous risk aversion and absence

of noise traders. This also holds when a single and (as we shall verify below) all investors act

strategically. When noise traders are present, positive liquidity premium is created when the rate of

noise demand is sufficiently high (or simply positive when r = 0). In fact, comparing (28) to the

Corollary 5.4 of [BFHMK18], the strategic behaviour of a single investor increases the equilibrium

return (and hence the liquidity premium) with transaction costs. From (28), we also verify that

µΛ,n converges to µn (i.e. liquidity premium vanishes) when Λ goes to zero.

4.3. The Nash equilibrium returns in a market with transaction costs. We are now ready

to generalize the concepts presented in §3.2 in a market with transaction costs. To this end, we

extend Assumption 4.2 to each ϕm, m ∈ I and begin with a characterization of the investors’

demands when all of them act strategically. More precisely, recalling that the frictional best-

response strategy of each investor trades towards its frictionless counterpart, we shift the investors’

exposure in accordance to Definition 3.7. Thus, the linear system (18) becomes the following system

of linear FBSDEs, under the same boundary value conditions as (25), for m ∈ I:

(29)
dϕ̆Λ,m(t) =

˙̆
ϕΛ,m(t)dt,

d
˙̆
ϕΛ,m(t) = dM̆m(t) +B(ϕ̆Λ,m(t)− T̆Pm(t))dt+ r

˙̆
ϕΛ,m(t)dt,

where:

T̆Pm :=

ζ−m(ϕ̆Λ)︷ ︸︸ ︷
N∑

i=1 ,i ̸=m

(
δ̄Σ−1ν − ϕ̆Λ,i

)
−ψ − (N − 1)ζm

N + 1
+

2δ̄Σ−1Λ

N + 1
(aψ̇n − rψ̇).
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The uniqueness of the Nash equilibrium returns also holds in the market with transaction costs and

is a consequence of the following lemma. In fact as we shall see, the main idea of Proposition 4.6

is also applied here.

Lemma 4.9. The system of linear FBSDEs (29) admits a unique solution such that ϕ̆Λ,m ∈ WA,

for all m ∈ I.

With the above result in hand we are ready to derive the point at which the frictional market

equilibrates when all the agents act strategically.

Theorem 4.10. Impose Assumptions 4.1 and 4.2 (for all investors). In a market with transaction

costs, the unique Nash equilibrium returns are given by:

(30) H2 ∋ µ̆Λ := µ̆+
2Λ

N(N − 1)
(aψ̇ − rψ̇),

where µ̆ is the corresponding frictionless Nash equilibrium, for equal risk tolerances, and B is defined

in (26).

Remark 4.11. Based on Remark 4.8, we expect that the absence of noise traders and equal risk

tolerances would result in Nash equilibrium returns with transaction costs being equal to the friction-

less competitive ones. Indeed, this stems directly from (30). In fact, under common risk tolerance,

we have seen from (20) that the absence of noise traders also implies that the frictionless Nash equi-

librium equals to the competitive one too. Furthermore, comparing (30) to the frictional competitive

equilibrium returns derived in [BFHMK18], liquidity premium that stems from transaction costs is

higher in the non-competitive case if and only if N > 2. In words, when more than two strategic

investors with the same risk tolerance participate in the market, the effect of transaction costs on

liquidity premium is higher due their strategic behavior. In the special case of only two strategic

investors the effect of transaction costs on liquidity premium is equal between competitive and non-

competitive market’s structure. Finally, as expected, when Λ tends to zero, liquidity premium due

to transaction costs vanishes.

4.4. The case of two investors. Interestingly, Assumption 4.1 in Theorem 4.10 can be dropped

when considering a market of only two investors, i.e. N = 2. In fact even in the case of different

risk tolerances a strong connection between the frictional and frictionless Nash equilibrium returns

remains. This is supported by the following result:

Theorem 4.12. Impose Assumption 4.2 (for all investors) and let N = 2. In a market with

transaction costs, the unique Nash equilibrium returns are given by:

(31) H2 ∋ µ̂Λ := µ̆+ Λ(aψ̇ − rψ̇),

where µ̆ is the corresponding frictionless Nash equilibrium.

Note that (31) coincides with (30) when δ1 = δ2.
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Appendix A. Proofs of Section 3

Proof of Proposition 3.1. The (strict) concavity of the functional F̃n(ϕ) follows by its quadratic

form and the positive definiteness of Σ. Hence, the unique solution to (13) can be directly seen to

satisfy:

−ψ(t)
′
Σ

δ−n
− kn(ϕn(t))

′
Σ− (ζn(t))

′
Σ

δn
+

(ζ−n(t))
′
Σ

δ−n
= 0,

which in turn leads to the following representation of the frictionless optimizer under the price

impact of investor n:

(32)
ζ−n(t)− ψ(t)− δ−n

δn
ζn(t)

δ−nkn
,

where δ−nkn = (δn + δ)/δn. In turn, (32) rearranges to the desired result, which belongs in H2 by

linearity. □

Proof of Proposition 3.4. Recalling (14), (15), (16) and evaluating the revealed exposure process of

investor n for (ϕ̃n, µn), we get:

Σζn(t; ϕ̃) = δn

µn︷ ︸︸ ︷(
δnµ−n(t) + δµ(t)

δn + δ

)
−Σ

ζ−n(t)− ψ(t)− δ−n
δn
ζn(t)

δ−nkn

=
δnµ−n(t)

δ−nkn
+

Σζn(t)

δ−nkn
+

δ−n
δn

Σζn(t)

δ−nkn
.

Therefore, we have:

(33) ζn(t; ϕ̃) =

ζ−n(t)−ψ(t)
(1/δn)δ−n

+ ζn(t) +
δ−n
δn
ζn(t)

(δ + δn)/δn
.

Equivalently, (33) can be written as:

ζn(t; ϕ̃) =

ζ(t)−ψ(t)
(1/δn)δ−n

− ζn(t)
(1/δn)δ−n

+ ζn(t) +
δ−n
δn
ζn(t)

δ/δn + 1

=
λ2n

1− λ2n
(ζ−n(t)− ψ(t)) +

1

1 + λn
ζn(t),

which concludes the proof. □

Proof of Corollary 3.6. Recalling (14) and (16), we get that relation (17) can be equivalently written

as:

ϕ̃n(t) = δnΣ
−1µn(t)−

(
λ2n

1− λ2n
(ζ−n(t)− ψ(t)) +

1

1 + λn
ζn(t)

)
.

Furthermore, evaluating (6) at µ, yields:

ϕ̂n(t) = δnΣ
−1µ(t)− ζn(t).
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Thus, for the “if” implication using (15) and (33) we have:

0 = δnΣ
−1

(
δn

(
Σ(ζ−n(t)−ψ(t))

δ−n
− Σ(ζ(t)−ψ(t))

δ

)
δn + δ

)
− ζn(t; ϕ̃) + ζn(t)

= −δnΣ−1µ(t)− δ−n
δn

ζn(t) +
δ−n + δn

δn
ζn(t)

= δnΣ
−1µ(t)− ζn(t).

For the other direction, we have that:

0 = δnΣ
−1Σ(ζ(t)− ψ(t))

δ
− ζn(t)

ζ−n(t)− ψ(t) =
δ−n
δn

ζn(t),

which together with (32) finishes the proof. □

Proof of Theorem 3.8. Let H2 ∋ ϕ̆m, m ∈ I be the unique solution set of (18). Focusing on investor

n and evaluating (16) at (18), we see that her revealed exposure becomes:

ζn(t; ϕ̆) = δnΣ
−1ν(t)− λn(ζ−n(t; ϕ̆)− ψ(t))− λ−nζn(t)

λn + 1︸ ︷︷ ︸
(⋆)

.

We now use the investors’ symmetry to derive the aggregate revealed exposure process ζ(t; ϕ̆) :=∑N
m=1 ζm(t; ϕ̆). Therefore, adding and substracting ζn(t; ϕ̆)/δ−nkn and using the equivalent formu-

lation of (32) for the term (⋆), we have:

δ/δn︷ ︸︸ ︷
(δ−nkn − 1)

δ−nkn︸ ︷︷ ︸
>0

ζn(t; ϕ̆) = δnΣ
−1ν(t)− ζ(t; ϕ̆)

δ−nkn
+

ψ(t)

δ−nkn
+

(δ−n/δn)ζn(t)

δ−nkn

N∑
m=1

ζm(t; ϕ̆) = Σ−1ν(t)

N∑
m=1

1

(1/δm)2δ
+Σ−1ν(t)δ − ζ(t; ϕ̆)

N∑
m=1

1

(1/δm)δ

+ ψ(t)

N∑
m=1

1

(1/δm)δ
+

1

δ

N∑
m=1

δ−mζm(t).

Therefore, we have for the aggregate exposure process:

(34) ζ(t; ϕ̆) =
δΣ−1ν(t)

(
1 +

∑N
m=1 λ

2
m

)
+
∑N

m=1 λ−mζm(t) + ψ(t)

2

Hence, when all the investors act strategically the market clearing condition becomes:

(35) ϕ̆1(t) + · · ·+ ϕ̆N (t) + ψ(t) = 0, ∀ t ∈ [0, T ].
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Now by using the fact that ϕ̆m for each m (which solves (18)) can be equivalently written as:

δmΣ
−1ν − ζm(ϕ̆) for each m, and using (34), we get that (35) becomes:

0 =
N∑
m=1

(
δmΣ

−1ν(t)− ζm(t; ϕ̆)
)
+ ψ(t)

δΣ−1ν(t)− δΣ−1ν(t)

N∑
m=1

λ2m =

N∑
m=1

(1− λm)ζm(t)− ψ(t)

ν(t)− ν(t)

N∑
m=1

λ2m =
Σ

δ

(
ζ(t)− ψ(t)−

N∑
m=1

λmζm(t)
)
.

Noting that the symmetric matrix
(
1−

∑N
m=1 λ

2
m

)
Id×d is positive definite, we arrive at the desired

result.

The uniqueness of the Nash equilibrium returns is a direct consequence of the uniqueness of

the solution set (ϕ̆1, ..., ϕ̆N ) of the linear system (18). This stems from the fact that the system’s

coefficient matrix is invertible, which can be easily determined by checking that its transpose is

strictly diagonally dominant. Lastly, by linearity we get that the frictionless Nash equilibrium

indeed belongs in H2. □

Proof of Proposition 3.9. We begin with the calculation of the asymptotic surplus at the frictionless

Nash equilibrium, i.e.: USµ̆1 (ϕ̆) as δ1 → ∞. To this end, we first need to derive investor’s Nash

optimal demand, ϕ̆1. This can be readily obtained by noting that (18) can be decoupled through

the use of the equilibrium condition:
∑N

m=1 ϕ̆m + ψ = 0. Hence, we have:

ϕ̆1 =
λ1(ζ−1(ϕ̆)− ψ)− λ−1ζ1

λ1 + 1
=
λ1(δ−1Σ

−1ν + ϕ̆1)− λ−1ζ1
λ1 + 1

= λ1δ−1Σ
−1ν − λ−1ζ1.(36)

Furthermore, note that for the frictionless Nash equilibrium returns, µ̆, we have:

(37) lim
δ1→∞

µ̆ =
Σ(ζ−1 − ψ)

2δ−1
.

Using (36) and (37), we readily get the following limit for investor’s Nash optimal demand at µ̆:

lim
δ1→∞

ϕ̆1 =
1

2
(ζ−1 − ψ).

We now apply the Dominated Convergence Theorem (DCT) on dt⊗dP to justify bringing the limits

(w.r.t. δ1) inside the product integral in USµ̆1 (ϕ̆) (passing between the sequential characterization

of limits and back when necessary). To this end, note that ψ, ζm ∈ H2 for each m and:

∥µ̆∥2 =
∥∥∥∥Σδ

(ζ − ψ)−
N∑
m=1

λmζm

1−
N∑
m=1

λ2m

∥∥∥∥
2

≤ 1

δ

1

1− λ21 −
N∑
m=2

λ2m

(∥Σ∥2∥ζ − ψ∥2 +
N∑
m=1

∥ζm∥2)︸ ︷︷ ︸
=:C
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<
1

δ
N∑
m=2

λm(1− λm)

C <
1

δ2
(
1− δ2

δ

)C <
1

δ2
(
1− δ2

δ−1

)C.
With regards to ϕ̆, we use (36) and the above to conclude that ∥ϕ̆1∥2 ≤ δ−1∥Σ−1∥2∥µ̆∥2 + ∥ζ1∥2.
Hence, applying DCT gives the desired result for the asymptotic surplus at the frictionless Nash

equilibrium.

Following similar arguments, we deal with the competitive case. More precisely:

∥µ∥2 ≤
1

δ−1
∥Σ∥2∥ζ − ψ∥2 and ∥ϕ̂1∥2 ≤ ∥ζ − ψ∥2 + ∥ζ1∥2.

Taking into account that lim
δ1→∞

ϕ̂′1µ = 0 and applying the DCT once more conclude the proof. □

Appendix B. Proofs of Section 4

Proof of Lemma 4.3. We begin by formally generalizing (11). For this, we work similarly as in the

frictionless market and introduce the following conditions for all (ϕn, ϕ̇n):

ϕn(t) +

N∑
m=1
m ̸=n

ϕΛ,m(t) + ψ(t) = 0, ∀ t ∈ [0, T ], ∀ ϕn ∈ WA,(38)

ϕ̇n(t) +

N∑
m=1
m̸=n

ϕ̇Λ,m(t) + ψ̇(t) = 0, ∀ t ∈ [0, T ],(39)

where the pair (ϕΛ,m, ϕ̇Λ,m), for m ∈ I \ {n} solves (23). Thus, (39) reads as:

0 = aϕ̇n(t)dt+
Λ−1

2

N∑
m=1
m̸=n

(
ΣϕΛ,m(t)

δ̄
−
(
ν(t)− Σζm(t)

δ̄

))
dt+ r

N∑
m=1
m ̸=n

ϕ̇Λ,m(t)dt

+ aψ̇(t)dt+ dM ϕ̇n(t) + dM ψ̇(t) +

M∑
m=1
m ̸=n

dMm(t)

︸ ︷︷ ︸
=:dM̂(t)

.

By using (39) again, we have that r
∑N

m=1
m ̸=n

ϕ̇Λ,m(t) = −r(ϕ̇n(t) + ψ̇(t)) which in turn yields:

0 = aϕ̇n(t)dt+
Λ−1Σ

2

N∑
m=1
m ̸=n

ϕΛ,m(t)

δ̄
dt− Λ−1(N − 1)

2
ν(t)dt+

Λ−1Σ

2

N∑
m=1
m̸=n

ζm(t)

δ̄
dt

− r(ϕ̇n(t) + ψ̇(t))dt+ aψ̇(t)dt+ dM ϕ̇n(t) + dM̂(t) + dM ψ̇(t)︸ ︷︷ ︸
=:dMS(t)

.
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Thanks to equal risk tolerances and (38) we get that
∑N

m=1
m ̸=n

ϕΛ,m(t)/δ̄ = −(ϕn(t) + ψ(t))/δ̄, which

gives:

0 =
( 2Λ

N − 1
aϕ̇n(t)− 2rΛ

N − 1
ϕ̇n(t) +

Σ(ζ−n(t)− ϕn(t)− ψ(t))

δ̄(N − 1)

+
2Λ

N − 1
(aψ̇(t)− rψ̇(t))− ν(t)

)
dt+

2Λ

N − 1
dMS(t).

Since the rest of the terms are absolutely continuous, dMS(t) vanishes since MS is a continuous

martingale of finite variation (from the stronger absolute continuity). Therefore, we have that the

price impact process of investor n, νn(ϕ̇) ∈ H2 in a market with transaction costs is (i.e. the

frictional counterpart of (11)):

(40) νn(t; ϕ̇) =
( 2Λ

N − 1
aϕ̇n(t)− 2rΛ

N − 1
ϕ̇n(t) +

Σ(ζ−n(t)− ϕn(t)− ψ(t))

δ̄(N − 1)
+

2Λ

N − 1
(aψ̇(t)− rψ̇(t))

)
.

The next step is to incorporate (40) into (21) in order to introduce price impact in the frictional

problem (similarly to what we did for the frictionless case). Hence, we get:

E
[ ∫ T

0
e−rt(ϕn(t))

′
νn(t; ϕ̇)dt

]
= E

[ ∫ T

0
e−rt(ϕn(t))

′
( 2Λ

N − 1
aϕ̇n(t)− 2rΛ

N − 1
ϕ̇n(t)

+
Σ(ζ−n(t)− ϕn(t)− ψ(t))

δ̄(N − 1)
+

2Λ

N − 1
(aψ̇(t)− rψ̇(t))

)
dt

]
.(41)

Now note that we have the following equality between (componentwise) integrals:

(42) E
[ ∫ T

0
e−rt(ϕn(t))

′ 2Λ

N − 1
dϕ̇n(t)

]
= E

[ ∫ T

0
e−rt(ϕn(t))

′ 2Λ

N − 1
aϕ̇n(t)dt

]
,

since ϕn, a
ϕ̇n ∈ H2, M ϕ̇n is square integrable and the local martingales

∫ t
0 e

−rs 2Λi,i
N−1ϕ

i
n(s)dM

ϕ̇n
i (s)

satisfy E[[
∫ ·
0 e

−rs 2Λi,i
N−1ϕ

i
n(s)dM

ϕ̇n
i (s)](T )1/2] < ∞, ∀i ∈ D and hence are true martingales by the

Burkholder-Davis-Gundy inequality. In turn, applying integration by parts on the left-hand side of

(42) we get:

E
[ ∫ T

0
e−rt(ϕn(t))

′ 2rΛ

N − 1
ϕ̇n(t)− e−rt(ϕ̇n(t))

′ 2Λ

N − 1
ϕ̇n(t)dt

]
= E

[ ∫ T

0
e−rt(ϕn(t))

′ 2Λ

N − 1
aϕ̇n(t)dt

]
.

(43)

Thus, taking into account (41), (43) and adjusting (21), we get the desired result. □

Proof of Proposition 4.5. The concavity of (24) is readily ensured by its quadratic form. More

formally using a sufficient condition for strict concavity, in this context, through the negativeness

of the functional’s second Gâteaux differential (see further in [KZ05]), we conclude that for all

admissible directions θ̇n s.t. θn ∈ WA we have:(
D2
GF̃Λ,n(ϕ̇)θ̇n, θ̇n

)
= E

[∫ T

0
e−rt

(
− (θn(t))

′ 2Σ

δ̄(N − 1)
θn(t)− (θ̇n(t))

′ 4Λ

N − 1
θ̇n(t)

− (θn(t))
′ Σ

δ̄
θn(t)− (θ̇n(t))

′
2Λθ̇n(t)

)
dt

]
< 0,
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for δ̄, 1/δ̄(N − 1) > 0 and positive definite matrices Σ and Λ. By the above, we have that F̃Λ,n(ϕ̇)

is strictly concave and therefore the solution of (24) is characterized by the first order condition

through the Gâteaux differential (see further in [ET99]), i.e. for all θ̇n as prescribed above we have

that: (
DGF̃Λ,n(ϕ̇), θ̇n

)
= 0.

Applying this to (24), we get:(
DGF̃Λ,n(ϕ̇), θ̇n

)
= E

[ ∫ T

0
e−rt

(((ζ−n(t)− 2ϕn(t)− ψ(t))
′
Σ

δ̄(N − 1)
+ (aψ̇(t)− rψ̇(t))

′ 2Λ

N − 1

− (ϕn(t) + ζn(t))
′ Σ

δ̄

)
θn(t)− (ϕ̇n(t))

′
( 4Λ

N − 1
+ 2Λ

)
θ̇n(t)

)
dt

]
= E

[ ∫ T

0
e−rt

((
ϕ̃n(t) +

2δ̄Σ−1Λ

N + 1
(aψ̇n(t)− rψ̇(t))− ϕn(t)

)′ (N + 1)Σ

δ̄(N − 1)

∫ t

0
θ̇n(s)ds

− (ϕ̇n(t))
′ 2(N + 1)Λ

N − 1
θ̇n(t)

)
dt

]
= E

[ ∫ T

0

(
E
[ ∫ T

0
f(s)ds

∣∣∣∣F(t)

]
−
∫ t

0
f(s)ds− e−rt(ϕ̇n(t))

′ 2(N + 1)Λ

N − 1

)
θ̇n(t)dt

]
= 0,

where ϕ̃n is given in (14) and

f(t) := e−rt
(
ϕ̃n(t) +

2δ̄Σ−1Λ

N + 1
(aψ̇n(t)− rψ̇(t))− ϕn(t)

)′ (N + 1)Σ

δ̄(N − 1)
.

The third equality above holds by Fubini-Tonelli and the tower properties of conditional expectation.

Now, since the above has to hold for every admissible direction θ̇n, DGF̃Λ,n(ϕ̇) ∈ A, we have that

(24) has a unique solution if and only if the following stochastic integral equation is uniquely

satisfied:

(44) ϕ̇n(t) = BertE
[ ∫ T

t
e−rs

(
ϕ̃n(s) +

2δ̄Σ−1Λ

N + 1
(aψ̇n(s)− rψ̇(s))− ϕn(s)

)
ds

∣∣∣∣F(t)

]
,

where B := Λ−1Σ/2δ̄. In turn, assuming (44) admits a (unique) solution and taking the continuous

version of the martingale (ensured by martingale representation):

E
[ ∫ T

0
e−rs

(
ϕ̃n(s) +

2δ̄Σ−1Λ

N + 1
(aψ̇n(s)− rψ̇(s))− ϕn(s)

)
ds

∣∣∣∣F(t)

]
,

denoted as M̂n, through integration by parts we can rewrite (44) as:

dϕ̇n(t) = ertdM̂n(t) +B
(
ϕn(t)− ϕ̃(t)− 2δ̄Σ−1Λ

N + 1
(aψ̇n(t)− rψ̇(t))

)
dt+ rϕ̇n(t)dt,

where by the preservation of the martingale property dM̃n(t) := ertdM̂n(t) is a square integrable

martingale with continuous paths. Hence, combining the above with dϕn(t) = ϕ̇n(t)dt leads to the

desired FBSDE representation.
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Conversely assume that (25) admits a unique solution, then integration by parts yields for t ∈
[0, T ]:

(45) e−rtϕ̇n(t) = ϕ̇n(0)+

∫ t

0
e−rsdM̃n(s)+

∫ t

0
e−rsB

(
ϕn(s)− ϕ̃(s)−

2δ̄Σ−1Λ

N + 1
(aψ̇n(s)− rψ̇(s))

)
ds.

Now, by the terminal condition ϕ̇n(T ) = 0, we get:

(46) ϕ̇n(0) = −
∫ T

0
e−rsdM̃n(s)−

∫ T

0
e−rsB

(
ϕn(s)− ϕ̃(s)− 2δ̄Σ−1Λ

N + 1
(aψ̇n(s)− rψ̇(s))

)
ds.

Substituting (46) into (45), rearranging and taking conditional expectations we get (44). □

Proof of Proposition 4.6. The FBSDE of (25) is a part of larger class of linear FBSDEs that have

the following form:

(47)
dX(t) = Ẋ(t)dt, X(0) = 0,

dẊ(t) = dN(t) +B(X(t)− ξ(t))dt+ rẊ(t)dt, Ẋ(T ) = 0,

where B is a real matrix with only positive eigenvalues, r ≥ 0, ξ ∈ H2 and N is a square inte-

grable martingale. The existence and uniqueness of this class of FBSDEs’ solutions is studied in

[BFHMK18, Theorem A.4] (or, for example, [MY07, Chapter 2, §3-5] in general), where it is shown

that the (pathwise) unique processes (X, Ẋ) that solve (47) satisfy a linear differential equation

with the following (unique) solution given through variation of parameters and (primary) matrix

functions:

X(t) =

∫ t

0
e−

∫ t
s F (u)duξ̃(s)ds,(48)

Ẋ(t) = ξ̃(t)− F (t)X(t),(49)

where:

∆ := B +
r2

4
Id,

G(t) := cosh(
√
∆(T − t)),

F (t) := −
(
∆G(t)− r

2
Ġ(t)

)−1
BĠ(t),

ξ̃(t) =
(
∆G(t)− r

2
Ġ(t)

)−1
E
[ ∫ T

t

(
∆G(s)− r

2
Ġ(s)

)
Be−

r
2
(s−t)ξ(s)ds

∣∣∣∣F(t)

]
,

More precisely, for ξ̃ we have:(
∆G(t)− r

2
Ġ(t)

)−1
E
[ ∫ T

t

(
∆G(s)− r

2
Ġ(s)

)
Be−

r
2
(s−t)ξ(s)ds

∣∣∣∣F(t)

]
=(

∆G(t)− r

2
Ġ(t)

)−1
e
r
2
t

(
M̄(t)−

∫ t

0

(
∆G(s)− r

2
Ġ(s)

)
Be−

r
2
sξ(s)ds

)
,

where M̄ is a continuous version of E[
∫ T
0 (∆G(s)− r

2Ġ(s))Be
− r

2
sξ(s)ds|F(t)], ensured by martingale

representation.
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Going back to (25) and applying the above we get that ϕ̃Λ,n ∈ H2 as TPn ∈ H2; which holds

since TPn is a linear combination of processes in H2. To see that, initially note that T̃Pn ∈ H2 and:

sup
t∈[0,T ]

∥(∆G(t)− r/2Ġ(t))−1∥2 <∞,

by the properties of matrix functions (for a detailed exposition, refer to [Hig08]) and the fact that:

inf
t∈[0,T ]

x cosh(x(T − t)) + (r/2)x sinh(x(T − t)) ≥ x > 0, ∀x ∈ (0,∞).

In turn, these yield ϕ̃Λ,n ∈ H2 as desired. Furthermore, we also get
˙̃
ϕΛ,n ∈ H2 by (49) and the trian-

gle inequality. Lastly, to see that the unique solution of the RDE: Y (t) :=
∫ t
0 e

−
∫ t
s F (u)duT̃Pn(s)ds in

(49) indeed satisfies the FBSDE of (25), initially note that the terminal condition Ẏ (T ) = 0 holds

since Ġ(T ) = 0. Writing (49) explicitly for Y , we have (naturally the arbitrary ξ is also replaced

with TPn in M̄):

Ẏ (t) =
(
∆G(t)− r

2
Ġ(t)

)−1
e
r
2
t

(
M̄(t)−

∫ t

0

(
∆G(s)− r

2
Ġ(s)

)
Be−

r
2
sTPn(s)ds

)
− F (t)Y (t).

Multiplying with (∆G(t)− r
2Ġ(t))e

− r
2
t and using the fact that B = ∆− r2/4 we get:(

∆G(t)− r

2
Ġ(t)

)
e−

r
2
tẎ (t) = M̄(t)−

∫ t

0

(
∆G(s)− r

2
Ġ(s)

)
Be−

r
2
sTPn(s)ds

+
(
∆Ġ(t)− r2

4
Ġ(t)

)
e−

r
2
tY (t).

Setting Ȳ (t) := e−
r
2
tY (t), with ˙̄Y (t) = (−r/2)Ȳ (t) + e−

r
2
tẎ (t) and T̄Pn(t) := e−

r
2
tTPn(t) we get:(

∆G(t)− r

2
Ġ(t)

)
˙̄Y (t) = M̄(t)−

∫ t

0

(
∆G(s)− r

2
Ġ(s)

)
BT̄Pn(s)ds+

(
∆Ġ(t)− r

2
∆G(t)

)
Ȳ (t).

In differential form the above reads:(
∆Ġ(t)− r

2
G̈(t)

)
˙̄Y (t)dt+

(
∆G(t)− r

2
Ġ(t)

)
d ˙̄Y (t) = dM̄(t)−

(
∆G(t)− r

2
Ġ(t)

)
BT̄Pn(t)dt

+
(
∆G̈(t)− r

2
∆Ġ(t)

)
Ȳ (t)dt+

(
∆Ġ(t)− r

2
∆G(t)

)
˙̄Y (t)dt.

Noting that G̈(t) = ∆G(t), as well as that ∆ commutes with G(t) and Ġ(t), “multiplying” with

(∆G(t)− r/2Ġ(t))−1 and using associativity we get:

d ˙̄Y (t) =
(
∆G(t)− r

2
Ġ(t)

)−1
dM̄(t)−BT̄Pn(t)dt+∆Ȳ (t)dt.

Now, M̄ is a continuous square integrable martingale (since T̄Pn ∈ H2) and supt∈[0,T ] ∥(∆G(t) −
r/2Ġ(t))−1∥2 <∞. Hence, by martingale preservation dM(t) := (∆G(t)− r/2Ġ(t))−1dM̄(t) is also

square integrable. Furthermore, using the definition of ∆ we get:

d ˙̄Y (t) = dM(t) +B(Ȳ (t)− T̄Pn(t))dt+
r2

4
Ȳ (t)dt.



CONTINUOUS-TIME EQUILIBRIUM IN MARKETS WITH PRICE IMPACT & TRANSACTION COSTS 25

Using the fact that d ˙̄Y (t) = (−r/2) ˙̄Y (t)dt + e−
r
2
tdẎ (t) − r/2e−

r
2
tẎ (t)dt and “multiplying” by e

r
2
t

we get:

dẎ (t) = e
r
2
tdM(t) +B(Y (t)− TPn(t))dt+ rẎ (t)dt.

Defining dM̃(t) := e
r
2
tdM(t) and arguing as above, we have that M̃ is a continuous square integrable

martingale. Hence Y does indeed satisfy the dynamics of (25), with M̃ determined as part of the

solution. This completes the proof. □

Proof of Corollary 4.7. Under transaction costs, the market-clearing condition holds for both the

investors’ demands and trading rates. Now, following similar steps as the ones we did to derive the

price impact process (40), we may use (25) for the strategic investor n and get:

ν(t) =
N2

N2 − 1
µ(t)− Σ

δ̄(N2 − 1)
ζn(t) +

2NΛ

N2 − 1
(aψ̇(t)− rψ̇(t)),

where µ is the frictionless competitive equilibrium returns. Uniqueness follows from the uniqueness

of the frictional best-response strategy for investor n, as well as from the uniqueness of the com-

petitive frictional strategies for the rest of the investors. Now, recalling (15) and noting that the

above is a linear combination of processes in H2, we get the desired result. □

Proof of Lemma 4.9. Note that for

ϕ =
[
ϕ

′
1 · · · ϕ

′
N

]′
, ϕ̇ =

[
ϕ̇

′
1 · · · ϕ̇

′
N

]′
and M̆ =

[
M̆

′
1 · · · M̆

′
N

]′
the system (29) can be rewritten as:

(50)
dϕ(t) = ϕ̇(t)dt,

dϕ̇(t) = dM̆(t) +B(ϕ(t)−B−1Z(t)) + rϕ̇(t),

where:

B :=


B B

N+1 . . . B
N+1

B
N+1 B

. . .
...

...
. . . B B

N+1
B

N+1 . . . B
N+1 B

 ∈ RdN×dN and

Z :=

[(
B (N−1)δ̄Σ−1ν−ψ−(N−1)ζi+2δ̄Σ−1Λ(aψ̇−rψ̇)

N+1

)′
]′
i∈I

.

Now note that for:

C :=


1 1

N+1 . . . 1
N+1

1
N+1 1

. . .
...

...
. . . 1 1

N+1
1

N+1 . . . 1
N+1 1

 ∈ RN×N ,

B = C ⊗B,
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where ⊗ here denotes the Kronecker product. The above show that (50) is once more within the

class of linear FBSDEs, hence the machinery of Proposition 4.6 should apply.

In particular we have that B−1 is well defined as det(B) = det(C ⊗ B) = det(C)d det(B)N ̸= 0,

since C is real, symmetric, strictly diagonally dominant with positive diagonal entries (and hence

symmetric positive definite) and B is the product of two symmetric positive definite matrices.

Furthermore, the eigenvalues, (bi)i∈I , of B are all positive (as the product of two symmetric positive

definite matrices) and the eigenvalues, (cj)i∈I of C are again positive (as a symmetric positive

definite matrix). Therefore, the eigenvalues of B given as: bicj , i, j ∈ I are also positive. We also

have that M̆ is square integrable and B−1Z ∈ H2 as ν, ζm ∈ H2, for each m ∈ I and ψ ∈ WA. So,

(50) is of the form of (47) (assuming no dependence of ν on ϕm, ϕ̇m, m ∈ I) and thus it admits a

unique solution satisfying the conditions of WA (which can be directly shown, following the proof

of Proposition 4.6). □

Proof of Theorem 4.10. Let (ϕ̆Λ,m,
˙̆
ϕΛ,m), m ∈ I be the optimal demand and trading rate of (29)

whose existence and uniqueness is shown by Lemma 4.9. In order for the market clearing to hold,

the following equilibrium conditions must be satisfied at all times:

N∑
m=1

ϕ̆Λ,m(t) + ψ(t) = 0,(51)

N∑
m=1

˙̆
ϕΛ,m(t) + ψ̇(t) = 0.(52)

More analytically, (52) develops as:

0 =
N∑
m=1

dM̆m(t) +B
N∑
m=1

ϕ̆Λ,m(t)dt

−B

N∑
m=1

∑N
i=1
i ̸=m

(δ̄Σ−1ν(t)− ϕ̆Λ,i(t))− ψ(t)− (N − 1)ζm(t) +B−1(aψ̇(t)− rψ̇(t))

N + 1
dt

+ r

N∑
m=1

˙̆
ϕΛ,m(t)dt+ aψ̇(t)dt+ dM ψ̇(t).

Using (51) we get:

0 =

=:dM̆S(t)︷ ︸︸ ︷
N∑
m=1

dM̆m(t) + dM ψ̇(t)−Bψ(t)dt− rψ̇(t)dt+ aψ̇(t)dt

−B

N∑
m=1

(N − 1)δ̄Σ−1ν(t) + ϕ̆Λ,m(t)− (N − 1)ζm(t) +B−1(aψ̇(t)− rψ̇(t))

N + 1
dt.

Using (51) once more, we get:

0 = dM̆S(t) +
(N − 1)Bζ(t)

N + 1
dt− NBψ(t)

N + 1
dt+

aψ̇(t)− rψ̇(t)

N + 1
dt− BN(N − 1)δ̄Σ−1ν(t)

N + 1
dt
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Arguing as in the proof of Lemma 4.3 for (40), dM̆S(t) vanishes. The above is rewritten as:

BN(N − 1)δ̄Σ−1ν(t)

N + 1
=

(N − 1)B(ζ(t)− ψ(t))

N + 1
− Bψ(t)

N + 1
+
aψ̇(t)− rψ̇(t)

N + 1

and by rearranging the terms we get the desired result.

The uniqueness of the frictional Nash equilibrium returns is a direct consequence to the uniqueness

of the solution set (ϕ̆Λ,m,
˙̆
ϕΛ,m), m ∈ I. Lastly, the frictional Nash equilibrium is in H2 by linearity

and the fact that ζm ∈ H2, for each m ∈ I and ψ ∈ WA. □

Proof of Theorem 4.12. The steps for this proof are similar to the ones of Lemma 4.3, Proposition

4.5, Proposition 4.6, Lemma 4.9 and Theorem 4.10. Thus, we omit a part of the analysis and refer

to the original proofs for more details.

We first consider the price impact process of investor 1. As in Lemma 4.3, the respective form

of (40) in this case is given as:

ν1(t; ϕ̇) = 2Λaϕ̇1(t)− 2rΛϕ̇1(t) +
Σ

δ2
(ζ2(t)− ϕ1(t)− ψ(t)) + 2Λ(aψ̇(t)− rψ̇(t)).

Using similar arguments as with (42) and (43) in Lemma 4.3, the adjusted frictional objective

functional under investor 1’s price impact becomes:

F̃Λ,1(ϕ̇) := E
[ ∫ T

0
e−rt

(
(ϕ1(t))

′
(Σ(ζ2(t)− ϕ1(t)− ψ(t))

δ2
+ 2Λ(aψ̇(t)− rψ̇(t))

)
− 1

2δ1
(ϕ1(t) + ζ1(t))

′
Σ(ϕ1(t) + ζ1(t))− (ϕ̇1(t))

′
(
Λ + 2Λ

)
ϕ̇1(t)

)
dt

]
.

Optimizing F̃Λ,1(ϕ̇), as in Proposition 4.5, we get that the unique solution of the above functional

is characterized by the following FBSDE:

dϕ̃Λ,1(t) =
˙̃
ϕΛ,1(t)dt, ϕ̃Λ,1(0) = 0,

d
˙̃
ϕΛ,1(t) = dM̃1(t) +B1(ϕ̃Λ,1(t)− χ1(t))dt+ r

˙̃
ϕΛ,1(t)dt,

˙̃
ϕΛ,1(T ) = 0,

where:

H2 ∋ χ1 := ϕ̃1 +
2δ1δ2Σ

−1Λ

δ + δ1
(aψ̇n − rψ̇), B1 :=

δ + δ1
3δ1δ2

Λ−1Σ

2
,

ϕ̃1 is the best-response strategy of investor 1 in frictionless case and M̃1 is a continuous square

integrable MG. In fact, noting that B1 has only positive eigenvalues and following similar arguments

as in Proposition 4.6, the above FBSDE admits a unique (pathwise) solution. Using the investors’

symmetry and recalling the characterization of the Nash equilibrium returns in §4.3, we get the

following system for the frictional Nash optimal demands of the investors m = 1, 2:

(53)
dϕ̆Λ,m(t) =

˙̆
ϕΛ,m(t)dt, ϕ̆Λ,m(0) = 0,

d
˙̆
ϕΛ,m(t) = dM̆m(t) +Bm(ϕ̆Λ,m(t)− χ̆m(t))dt+ r

˙̆
ϕΛ,m(t)dt,

˙̆
ϕΛ,m(T ) = 0,
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where Bm := (δ + δm)Λ
−1Σ/6δmδ−m and:

χ̆m :=

λm

( ζ−m(ϕ̆Λ)︷ ︸︸ ︷
2∑

i=1,i ̸=m
(δiΣ

−1ν − ϕ̆Λ,i)−ψ
)
− λ−mζm

λm + 1
+

2δmδ−mΣ
−1Λ

δ + δm
(aψ̇n − rψ̇).

The key ingredient to derive the frictional Nash equilibrium returns in this setting is to derive the

solution of (53). Note that for ϕ =
[
ϕ

′
1 ϕ

′
2

]′
, ϕ̇ =

[
ϕ̇

′
1 ϕ̇

′
2

]′
and M̆ =

[
M̆

′
1 M̆

′
2

]′
the system of

(53) can be rewritten as:

dϕ(t) = ϕ̇(t)dt,

dϕ̇(t) = dM̆(t) + B̆(ϕ(t)− B̆−1Z̆(t)) + rϕ̇(t),

where:

B̆ :=

[
δ+δ1
3δ1δ2

Λ−1Σ
2

δ1
3δ1δ2

Λ−1Σ
2

δ2
3δ1δ2

Λ−1Σ
2

δ+δ2
3δ1δ2

Λ−1Σ
2

]
∈ R2d×2d,

Z̆ :=

[(
B1

δ1(δ2Σ−1ν−ψ)−δ2ζ1+2δ1δ2Σ−1Λ(aψ̇−rψ̇)
δ+δ1

)′ (
B2

δ2(δ1Σ−1ν−ψ)−δ1ζ2+2δ1δ2Σ−1Λ(aψ̇−rψ̇)
δ+δ2

)′
]′
.

Now note that for:

C̆ :=

[
δ + δ1 δ1

δ2 δ + δ2

]
∈ R2×2,

B̆ = C̆ ⊗ Λ−1Σ

6δ1δ2
.

But this is the setting studied in Proposition 4.5 (assuming that there is not a dependence of ν on

ϕm, ϕ̇m, m ∈ I). Hence, following similar steps we get that (53) has a (pathwise) unique solution.

Let (ϕ̆Λ,m,
˙̆
ϕΛ,m), m ∈ I be the unique optimal demand and trading rate of (53). In order for

the market clearing to hold (51) and (52), as shown in Theorem 4.10 must be satisfied at all times.

More precisely, using the above, (52) reads:

0 =

=:dM̆︷ ︸︸ ︷
2∑
i=1

dM̆i(t) + dM ψ̇(t)+B1(ϕ̆Λ,1(t)− χ̆1(t))dt+B2(ϕ̆Λ,2(t)− χ̆2(t))dt+ r(
˙̆
ϕΛ,1(t)

+
˙̆
ϕΛ,2(t))dt+ aψ̇(t)dt.

Using (51), we have:

0 = dM̆(t) +
δΛ−1Σ

3δ1δ2
(ϕ̆Λ,1(t) + ϕ̆Λ,2(t))dt+

Λ−1Σ

6δ1δ2
(δ2ζ1(t) + δ1ζ2(t))dt+

δΛ−1Σ

6δ1δ2
ψ(t)dt

+
aψ̇(t)− rψ̇(t)

3
dt− Λ−1ν(t)

3
dt.
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Working as in the proof of Lemma 4.3 for (40), dM̆(t) vanishes. Hence, we get:

ν(t) =
Σ

2δ1δ2
(δ2ζ1(t) + δ1ζ2(t))−

δΣ

2δ1δ2
ψ(t) + Λ(aψ̇(t)− rψ̇(t))

=
Σ

δ

λ2ζ1(t) + λ1ζ2(t)

2λ1λ2
− Σ

δ

ψ(t)

2λ1λ2
+ Λ(aψ̇(t)− rψ̇(t)).

Noting that ζ − λ1ζ1 − λ2ζ2 = λ2ζ1 + λ1ζ2 and 1− λ21 − λ22 = 2λ1λ2 yields the desired result. The

uniqueness of the frictional Nash equilibrium returns is a direct consequence to the uniqueness of

the solution set (ϕ̆Λ,m,
˙̆
ϕΛ,m), m ∈ I. Lastly, the frictional Nash equilibrium is in H2 by linearity,

the fact that ζ1, ζ2 ∈ H2 and ψ ∈ WA. □
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[DGP05] D. Duffie, N. Gârleanu, and L.H. Pedersen, Over-the-counter markets, Econometrica 73 (2005), no. 6,

1815–1847.

[ET99] I. Ekeland and R. Temam, Convex analysis and variational problems, SIAM, Philadelphia, 1999.

[FIM18] A. Frazzini, R. Israel, and T. Moskowitz, Transaction costs, Working paper, available at SSRN:

https://ssrn.com/abstract=3229719, 2018.

[HHLT21] H. Hau, P. Hoffmann, S. Langfield, and Y. Timmer, Discriminatory pricing of over-the-counter deriva-

tives, Management Science 67 (2021), no. 11, 6660–6677.

[Hig08] N. J. Higham, Functions of matrices, SIAM, Philadelphia, PA, 2008.
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