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Abstract

We explore the time variation in the shape of the conditional return distribution
using a model of multiple quantiles. We propose a joint model of scale (proxied by the
interquartile range) and other quantiles standardised by the scale. The model allows
us to estimate the scale and shape of the distribution, which are both time-varying,
in one step. We find that once we effectively capture the dynamics of the scale, the
time variation in the shape allows a simpler interpretation.
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1 Introduction

The conditional distribution of asset returns has been widely studied and modelled using a
range of techniques. This has led to a large amount of evidence that returns of most assets
display not only time-dependence in variance, but also in higher moments. In this paper,
we model time variation in the conditional return distribution using a semi-parametric
approach based on joint models of multiple quantiles.

Using a joint model of conditional quantiles, we separately specify dynamics for a com-
mon time-varying scale and the quantiles standardised by this time-varying scale. The joint
model is estimated in a single step. Our proposed approach naturally extends GARCH and
stochastic volatility models and allows for a richer analysis of the conditional distribution
via quantiles. An important advantage of our approach is that the scale acts as a common
factor that builds dependence across quantiles in a parsimonious manner. In turn, this
makes it easier to estimate the model with the quantiles in their standardised form.

There is a long history of research on the shape of the return distribution, which is of
central importance for asset pricing and risk management. Modellers have developed many
techniques to capture the fat-tailed, and often skewed nature of return distributions (Bates
2006). By introducing the conditionally heteroskedastic class of time series models Engle
(1982) separated the shape of the underlying return surprise from its time-varying and
serially dependent scale. An entire literature has followed, introducing more complicated
dynamics for the scale and different distributions for the underlying shocks. GARCH
(1,1) with standard normal shocks (Bollerslev 1986) captures a great deal of dependence
in the conditional variance but requires modification to better fit the tails of many return
distributions (French et al. 1987, Bollerslev 1987, Hansen & Lunde 2005). Firstly, a leverage
effect (Black 1976) can be incorporated to allow asymmetric responses of volatility to
positive and negative returns (Schwert 1989, Nelson 1991, Glosten et al. 1993, Engle &
Ng 1993); or, secondly, alternative distributions can be applied for the underlying shocks
(Bollerslev 1987, McNeil & Frey 2000). Similarly, models with fat tails and long memory
in volatility (Ding et al. 1993) can be obtained through fractionally integrated GARCH
models (Baillie et al. 1996) or component models (Ding & Granger 1996, Engle & Lee

1999). Semiparametric and nonparametric models for the conditional return distribution



have also been explored. For example, Engle & Gonzalez-Rivera (1991) and Kalli et al.
(2014) consider using GARCH models, while Jensen & Maheu (2010) and Delatola & Griffin
(2011) use stochastic volatility models.

Outside the discrete time GARCH framework, continuous time stochastic volatility
models are also able to generate fat-tailed return distributions with leverage effects. These
models can also incorporate features such as jumps in returns and volatility to better
explain the dynamics of returns and to improve their applicability to problems such as
option pricing; see e.g. Chernov et al. (2003) and Bates (2006) for an overview.

Despite the above improvements to GARCH or stochastic volatility models, fitting the
tails of the return distribution remains a difficult task. For instance, Gallant et al. (1991)
show that the standardised error term has a time-varying conditional distribution. As it is
difficult to model the entire distribution, modelling efforts beyond the variance have focused
on higher moments such as skewness and kurtosis. Hansen (1994) proposed an explicit
model of time-varying higher moments, while Harvey & Siddique (1999) applied an auto-
regressive conditional skewness model to returns. Backus et al. (1997) made use of a Gram
Charlier expansion around the normal to back out time-varying skewness and kurtosis from
the option smirk, while Christoffersen et al. (2013) utilised the inverse Gaussian distribution
to obtain time-varying skewness in an option pricing model.

Rather than relying on estimators of higher moments based on averages of past re-
alised moments, Kim & White (2004) proposed the use of quantile based estimators. They
showed through simulations how empirical moment based estimators are significantly more
sensitive to outliers. Effectively, they question existing beliefs about the extent and the
time variation of skewness and kurtosis.

Following Kim & White (2004), White et al. (2010) proposed joint models of conditional
quantiles to obtain robust estimates of conditional skewness and kurtosis.! This approach
develops CAViaR models (Engle & Manganelli 2004) which work well in estimating par-
ticular probability levels of the conditional distribution such as the Value at Risk (VaR),

'The approach of estimating moments from quantiles has also been applied by others, including Taylor
(2005) who estimates volatility from an interquartile range, and Xiao & Koenker (2009) who estimate
GARCH models in a two-step procedure. Ghysels et al. (2011) examine the higher moments to form

portfolios, while Coroneo & Veredas (2012) to study their interdependence over time.



(see e.g. Engle & Manganelli 2001, Kuester et al. 2006, Gerlach et al. 2011). They also
offer modelling flexibility as the conditional quantiles can respond to observations without
assuming a parametric return distribution. However, multiple quantiles cannot be satisfac-
tory estimated using separate application of single quantile models at different probability
levels since these estimates do not guarantee monotonicity of the quantile function, which is
often called the crossing problem (see e.g. Chernozhukov & Galichon 2008, Chernozhukov
et al. 2010, Gourieroux & Jasiak 2008, for explanations and possible solutions). Thus, it is
useful to jointly model quantiles and avoid quantiles crossing in the estimation procedure.

The specification of the multi-quantile model (M(Q CAViaR) of White et al. (2010) takes
the form of a vector autoregression, which they find awkward to estimate. We propose an
alternative model for multiple quantiles which builds on the intuition that most of the
variation in the shape of the conditional return distribution should be captured by a time-
varying volatility process. Our approach builds a dependence between the quantiles via
the common scale factor (rather than the linear functions of a vector autoregression). This
model is more parsimonious than the MQ CAViaR model and achieves a robust scale and
shape decomposition of the conditional return distribution. This allows simpler comparison
to commonly used models for financial time series which directly model the conditional
variance.

Previous papers where the scale information is separately obtained and then used to
enhance quantile models, include Jeon & Taylor (2013) and Chen & Gerlach (2014). Jeon
& Taylor (2013) model VaR by incorporating option implied volatility in a CAViaR model.
Chen & Gerlach (2014) use intra-day data to capture volatility and tail risk for estimating
expected shortfall (ES) in an auto-regressive expectile model (Taylor 2008). Our approach
differs by only using the information in the daily returns to model both the scale and the
shape dynamics in a single estimation step.

This paper makes four main contributions. Firstly, we present some novel dynamic
multiple standardised quantile (DMSQ) models. The models we propose are semipara-
metric in that they impose parametric structures for the dynamics of the quantiles and
the interquantile range (IQR), but avoid making any strong distributional assumptions for

the conditional distribution of returns (the usual regularity conditions for estimation and



inference are assumed though). Under this framework estimation and prediction is fast and
simple to implement.

The second contribution of the paper is the asymptotic theory for a general class of
semiparametric DMS(Q models. This theory is an extension of results for VaR presented in
Weiss (1991) and Engle & Manganelli (2004), and draws on identification results in Fissler
& Ziegel (2016) and results for M-estimators in Newey & McFadden (1994). We discuss the
conditions under which the estimated model parameters are consistent and asymptotically
normal, and we present a consistent estimator of the asymptotic covariance matrix.

Although elicitability has appeared in the literature for single quantiles and ES there
has been no work on multiple quantiles to the best of our knowledge. Drawing on Fissler
& Ziegel (2016), our third contribution is to address the problem of elicitability directly.
This introduces new directions in multiple quantile modeling and prediction.

Our forth and final contribution is an application of our new models and estimation
methods on four equity indices over a long period ranging from January 2001 to November
2024. We compare these new models with existing methods from the literature.

The paper is organised as follows. The following section provides a motivation example,
presents the construction of our model and discusses alternative forms for the time evolution
of the scale and conditional quantiles. Section 3 describes the estimation of the model.
Applications of the models to stock index data are discussed in Section 4. Section 5

concludes.

2 DMSQ

2.1 An alternative approach: Scale and shape decomposition

A reasonable goal for a multi-quantile time series model is to gain a better understanding
of the evolution of the conditional quantiles (and, more generally, the conditional distribu-
tion), and to improve the prediction of individual conditional quantiles using information
from other conditional quantiles. To guide us about the form of the relationship between
conditional quantiles without making any strong parametric assumptions about the condi-

tional return distribution, we first examine several separately estimated conditional quan-



tiles. Conditional quantiles at probability levels 1%, 5%, 25%, 50%, 75%, 95%, and 99%
were separately estimated using a single component CAViaR model (see e.g. Mitrodima &
Oberoi 2023). The data consist of S&P500 index (SPX) returns obtained from CRSP for
the period January 01,2010 to December 31,2021. By plotting the separately estimated
conditional quantiles together in Figure la, we observe the time-variation in the scale of
the distribution. The conditional quantiles increase and decrease together (as it might be

expected), but they also appear to do so proportionately to each other.

C_ASd_diff_SP500.pdf

SeparatelyCASd_SP500.pdf

(a) Separately estimated conditional quantiles (b) Differences between adjacent conditional quantiles

Figure 1: SPX from January 01,2010 to December 31, 2021.

To make this point clearer, we plot the differences between adjacent conditional quan-
tiles in Figure 1b. The differences between adjacent conditional quantiles tend to follow
very similar patterns over time. This suggests that a substantial part of the joint dynamics
of the conditional quantiles could be simply captured in a multi-quantile time series model
by introducing a common scale process (a common scale parameter is often assumed in

models of returns data such as in the GARCH literature).

2.2 DMSQ models

We assume that y; = s;2;, where s; is the time-varying scale and z; is a standardised re-

turn which follows a time-varying distribution (many standard models for returns assume



a time-invariant distribution for z; which can be more constrictive). We define s; to be a
robust scale measure defined in terms of the conditional quantiles of y; (e.g. the condi-
tional interquartile range) and assume that a further K — 2 conditional quantiles of the
standardised returns follow independent CAViaR-type models. Cont et al. (2010) propose
the interquartile as a risk measure that balances both robustness and coherence. It serves
as an interpolation between the highly robust, but non-coherent, VaR and the entirely
non-robust, but coherent, ES.

Suppose that s, = gg, + — ¢p, 1, Where 61 =1 —a and 6, = a for « < 1/2 and 63, ..., 0k
are K — 2 further probability levels. We choose to use the conditional interquartile range,
which arises for a = 0.25, as our robust scale measure. This choice seems reasonable as
we hypothesise that our data are characterised by less time-variation in the body of the
distribution compared to the tails of the distribution. Clearly the model can be expanded
to include any other interquantile range. In our application, we have found that the results
do not significantly change with different values of a.

The model can be expressed in terms of the conditional quantiles of the return distri-
bution at probability levels 01, 0,,...,0k using the transformations g, + = gg,+ + S¢ and

Qo,t = stqe o for k=2,..., K leading to the following model for gy, ¢, qo, t - - - Qo 5

S)—i-Zﬁ S¢_ Z—i—Z% (Y1, Y1) (1)

qo,.t = Gt T St (2)

zq9, ) Yy Yi—
qe’mt:St(uek—i_Zﬁe) it +Zﬁ)/9k] (1""5)>7 kZQ,,K (3)

-1

where M and L are the orders of the model, (), ﬂi(s), and %( are scalars, Ue ) and 79k '
are (K — 1)-dimensional vector, /6’6(,?2 isa ((K —1) x (K —1))-dimensional matrix with the
non-diagonal equal to zero and I; (y1, ..., y:—1) represents a function of the history of the
return series.

Choosing M =1, L =1, 6; = 0.75, 65 = 0.25 and 1;(y1,.--,¥i-1) = |y:—1| leads to a
generalisation of the symmetric absolute value (SAV) CAViaR model (Engle & Manganelli
2004), which we define to be the DMSQ-SAV model and has the form



o DMSQ-SAV

Sp = u(s) + /B(S)St—l + ’7(8) |yt—1| (4)

Goy,t = oot + St (5)
z 2) 40 .,t— 2) | Yt—

qek,t = St (uék)+/6ék) — +’7ék) | t 1|) ) k::?)”K (6>
St—1 St—1

where we drop 1 from Béi?l and fyé':?l for ease of reading.

We consider one more specification. We choose Iy (y1, ..., y:—1) =y and Iy (y1, .. ., ye—1) =
y;_, where the notation employed is: y* = max(y,0) and y~ = —min(y,0). This
leads to a generalisation of the asymmetric slope (AS) CAViaR model (Engle & Man-
ganelli 2004), which we define to be the DMSQ-AS model which has the form

e DMSQ-AS
se=ul? + s+ 4Dyt 4+ 69y ()
Q91,6 = Gos,t + St ®

N _
_ (2) 4 g2 Dot | () Y1 | s() Vit k=2 K 9
qekvt St (/Uzek + /Bek St_l + 791? St_l + 9k St_l ) gty ( )

The DMSQ models have some interesting features. They directly model the extent of
time variation in the shape of the conditional return distribution after controlling for
the scale. They allow us to robustly estimate the scale (without separately estimating
a volatility model) and the conditional return distribution in a single estimation step.
The quantile crossing problem can be avoided during estimation, without assuming

an explicit model for the conditional return distribution.

2.3 Consistent scoring rule for dynamic multiple quantiles

standardised by IQR

We show that T = (qa,," -, qes, s) is elicitable and identifiable. To do so, we fol-
low similar steps to Fissler & Ziegel (2021) who show that 7" = (gs,, gs,, RVaRe, 4,)
(RVaRg, g, is the range VaR) is elicitable under weak regularity conditions. The tick



loss function Ly, = (1{y<¢1—0r)(¢-—y) is F-consistent for ¢, when fi]oo lyldF(y) < oo,
for all F' € Fy,, and strictly F-consistent if furthermore F C Fy, .

Proposition 1 For 0 < 05 < 0, <0y <0, <05 <0s <1, the mapV : R” x R — R
defined by

l{y < QG1} - 01

v(q017 e 7Q96757y> =
1{y < C]es} - 06

s+ (1{y < QGl} - 91) - (1{y < QGQ} - 92)

is an F(61)N---NF(0g)-identification function for (g, - ,qes, S), which is strict on
Fo, N F(61) N -0 Foy, N F(6s).

Proof 1 Note that

V(Q91(F)7"' 7(]96(F)7$7F) = S_S(F)

which concludes the proof.

The following result establishes a (strictly) consistent loss functions Ly : R” x R — R

7

for (ga,, -+ ,qo,$). The values are bounded in [¢iin, Cmax]”s =00 < Cmin < Cmax < 00.

We expand the consistent loss functions results in Fissler & Ziegel (2016) (Theorem

5.2) and Fissler & Ziegel (2021) for K +1 =7 and T = (gg, 4, ** » Gog.t5 St)-

v

Theorem 1 The maximal sensible action domain is Ay == {x € R7 : qo, > s
Go, = dos < o, < Gos < Qos} as we always have gors > 8 > qo2s = Go.o1 < Go.os <

G0.95 < ¢0.99-



(K+1)—1

Lo(y, Q,:0,Gr. G) = Y (Lyyzqy = 0:)Gr(dr) = Liy<gy Gr(y) (10)
- (K+1)—1
FHE (st Y G —9) ~ugn) (1)
— H(s) + a(y) (12)
(K+1)—1
= (1{y§q7-} - Or)Gr(qT) - 1{y§q7-}Gr(y) (13>
+Hl(3) (S+L92(Q27y) _L91(QI7y)) <14>
— H(s) +aly) (15)

where Q = [qo,,* +qos), Gr(¢-) and G, (y) cannot identically vanish for strict con-
sistency of Lo in our case, whereas the corresponding functions in Lo when jointly
estimating VaR and ES may be set to zero (see for an example Mitrodima & Oberoi
(2023)). G.,H,0 : R — R, 0 is F— integrable and 1(_ 4\G, is F— integrable for all
qr € R, is F— consistent for T, if G, is increasing and H' is increasing and convex.
If H' is strictly increasing and strictly convezx, then Lg is strictly F—consistent for

T. Finally, for all s € [Cmin, Cmasl, the functions
Gl,s . [Cmina Cmax] — Ra do, — g1 (q@l) - q91Hl(S)7

GQ,S : [Cmina Cmax] — Ra qo, = 92(02) + quH/(S)7

are iNcreasing.

Proof 2
[Cmina Cmax] x R > (qélay) = LO(Qéla cc 5,4y S, y)

is F'-consistent for qo,, and it is strictly Fy,-consistent if G s is strictly increasing.

Similarly,

[Cminacmax] xR > (ngy) = LO(tMQéQ? e 7%6579)-

10



Hence,

0 S 0(61917"' aqaevsaF) _EO(tMQGz?”' 7q96757F)

'l

+ 0(t177q92a"' 7QG6757F) - EO(tlatZan:;)"' aq967SaF)

Il
jwll

O(qelv'” 7q967S7F) _Eo(t17t27q037"' 7Q(96;57F);

with a strict inequality under the conditions for strict consistency and if (qo,, qo,) 7

(t1,t2). Finally,
-Z/0<t17"' 7t6787F) - -Z/()(tla"' 7t77F) = H/(S)(S _t7> - H(S> +H<t7) Z 0

If H is strictly convex and if s # t7, the inequality is strict.

Let (Q,s) € A, F € F, and (t1,--- ,t7) :== T(F). Then, since G ; is increasing, the

map

Proposition 2 (Normalised distance loss function) We choose G,(q,) = ¢, and
H(s) = |s — cly||, where ¢ = 1.349+/(7/2). Thus, the normalised distance loss func-

tion, Lyp, is a consistent loss function for (Q,s).

6

Lnp(y,Q,8;0) = Z(l{ygqr} —0,)(q- —v) (16)
%(S + L02 (Q2, y) — L91 (Q17 y)) (17>
o ‘S_C|y‘| (18)

Proof 3 The result follows directly from Theorem 5.1 of Fissler & Ziegel (2021) and
mixture representation of scoring functions by letting 0 < 03 < 04 < 03 < 01 < 05 <

O < 1 and any loss function Lg : [cmin,cmaz]” x R — R of the form of Equations

(10)-(12)

We choose to work with the absolute distances of the scale s from the interquantile

of the (relevant) standard normal distribution.

11



Positive homogeneity of the loss function is essential in regression applications and
forecasting exercises. This is because when a loss function is characterised by positive
homogeneity the ordering of backtesting forecasts assessed by this is not affected
when monetary units change making it convenient for financial applications. Here,
we require zero homogeneous loss functions as this has been found to work well in
forecasting applications, see Patton (2006) and Patton & Sheppard (2009). We also
require that score differences are homogeneous as we are interested in differences of

expected scores in our backtesting exercise.

Nolde & Ziegel (2017) show that there does not generally exist a loss function that
generates loss differences that are homogeneous of degree zero, however, Patton show
that zero-degree homogeneity may be attained by exploiting the fact that, for
ranging from around 0.01 to 0.10, we may assume the ES< 0 and VaR< 0 then, up
to irrelevant location and scale factors, there is only one loss function that satisfies

the requirement.

Here, we assume that IQR is strictly positive, and so the loss differences generated

by the loss function are homogeneous of degree zero.

Proposition 3 Under the assumption that the conditional quantiles of interest can be
negative and positive while the IQR is strictly positive, the loss differences generated

by the proposed loss function are homogeneous of degree zero iff G.(¢.) = ¢, and

H(s) = |s — 1.349/(7/2)]y]|.

Proof 4 A loss function Lyp(x,y) is positively homogeneous if, for any non nega-
tive constant ¢, Lyp(¢x,vy) = ¢Lyp(z,y). Denote the resulting loss function as
L, Q. 50,01, ,7), and notice that:

L, Q. 50,01, 01) = Y _or(M{y < ¢} — 0,) ¥{qr > 0} —{y > 0}) (19)

r=1
s—cly
+ 9074(8 + Lo, (q2,y) — Lo, (q1,)) (20)
s — c|yl|
— r]s — clyl| (21)

12



The indicator function 1{¢,y < v.q.} remains the same as 1{y < q.} because

the 1nequality is invariant under scaling by a positive p,.

— G.(q;) = q, is homogeneous of degree 1 (VaR), then:
G (prar) = 0:Gr(qr)  and  G.(9ry) = @G (y).
— H(s) and H'(s) are homogeneous of degree 1, then:

H(prs) = prH(s), H'(prs) = H'(s).

Hl(§078) _ §— C|y|
’ |s = clyl|

H(prs) = pr|s — 1.3494/ (7 /2) y|

— (s+Lg,(q2,y) — Lo, (q1,y)) also scales by w7, but since H'(s) multiplies the whole
term, the homogeneity of degree 1 for H(s) ensures the overall scaling factor

cancels out.

3 Estimation of DMSQ models

The parameters of the DMS(Q models are estimated by minimising the normalised
distance loss function, Lyp. Let a sample of observations y, . .., y, generated by the

model

Yt = Qt(ﬁo)st(ﬁo)vt: 1,...771 (22>

The vector of unknown parameters to be estimated is 8 € B C RP. Let

Lapa(B) =n"" Y Loy, Q(8), 5:(8); 6)

then the unknown parameters are estimated by minimising

A

B, = arg 1;16%1 Lnpn(B) (23)

at fixed probability levels 6 = [75%,25%, 1%, 5%, 95%, 99%)]. We are interested in

estimating and forecasting the conditional, on information set F;_ i, f-quantiles and

13



IQR of y;, where the conditional distribution function F(-|F;_;) and the correspond-
ing density function f;(-|F;—1). Consider the model in Eq.(22) for the conditional
6-quantiles and IQR of y; at @ probability levels, that is q; o(y:|Fr—1) and s¢(ye| Fi-1).

= Q(Ye—1, X1, - 7y171131;/30)5<yt—1, Ti—1, " Y1, iEl;,@O) (24)
EQt<IBO)8t<IBO)7 = 17 , (25>

where x; is a vector of exogenous or predetermined variables, 3° € RP? is the vec-
tor of true but unknown parameters that we are interested in estimating. Also,
Fii1 = oY1, i1, ,y1, 21, Q1(8°), 51(3Y)) is the information set available at
time ¢, where Q;(3") and s,(8°) are some given initial conditions for the quantiles

and IQR.

In Appendix A we provide sufficient and technical conditions on @ and s in Eq.(25)

for consistent and asymptotically normal estimators of the parameters in Eq.(23).
Theorem 2 (Consistency) Under Assumption 1, B, B° asn — oo

We provide the proof of Theorem 2 in Appendix B, where we use Theorem 2.1 of
Newey & McFadden (1986) and Theorem 5.2 of Fissler & Ziegel (2016). For the
financial time series that we consider here we can use a variety of uniform laws of
large numbers to satisfy Assumption 1A. As for Assumption 1B, this is standard in

parameter inference in time series.

Theorem 3 (Asymptotic normality) Under Assumptions 1 and 2,

VA 2D, (B, — B8°) 4 N(0,I) asn — o0

14



where

D, = E|[(Qu(8)Fi ) V'Q(B)VQu(B") + StEZS; - C:‘%: V'si(8)Vsi(8")]
St — ClUt

(26)

A, = E[ht(ﬁo)ht(ﬁo)/] (27)

ht(ﬁ) _ aLND(yt;Qé(ﬁIB)7St(/B)79) (28)

=V'Q(B) Y Lzar —0) + D (Liyizany — 00) (@4(8) = 4) (29)

+ 5u(B°) — cly (V'si(B°) + V'Lg, — V'Ly,) (30)
5:(8%) — cly|

+ St(ﬁo) _ Clyt| \VA t(ﬁo) (31)
5¢(8%) — cly|

VIL92 = v/qlt</60) (1{ytSQ2,t} - 92) + (1{ytSq2,t} - 62) (Q2,t(ﬁ) - yt)
V/Lel = V,Qu(ﬁo)(l{ytgql,t} - 91) + (1{yt§q1,t} - 91)(Q1,t(:3) - yt)

The proof for this theorem is based on work by Huber (1967), Weiss (1991), Engle &
Manganelli (2004). See Appendix for a sketch of the proof.

Assumptions 2 are standard in the literature. More specifically, Assumption 2(A)(ii)
imposes the correct ordering for the quantiles (here we focus on both the left and
the right conditional distribution of asset returns). Assumptions 2(B)-(E) are from
Engle & Manganelli (2004) and pretty standard in quantile estimation. We require
fat tailed distributions in Assumption 2(B)(ii) and we set 4 + § moments of returns
to exist. Assumptions 2(C)-(D) concern conditions on the magnitude of the quantile
and IQR series. Patton et al. (2019) show that these reduce to moment conditions on
the observed returns for GARCH processes. Assumption 2(F) is a standard condition
on time series dependence for the CLT. Assumption 2(G) limits the number of exact

equalities of realised returns and fitted quantile values.

15



Theorem 4 (Asymptotic covariance matriz) Under Assumptions 1-3, A,—-A,5%0
and ﬁn - D, Lo 0 where

Do=1 Y [ 1(joe - @B < @) VQUBIVQUB) (32
t=1 n
i St(/?n) - Clyt| VISt(Bn)VSt(Bn)] (33)
st(Bn) — clyt]
An =n! ht(Bn)ht(Bn>/ (34>

t=1

Theorem 4 is extension of work by Engle & Manganelli (2004) for single quantile
models and Patton et al. (2019) for joint VaR and ES models.

3.1 Algorithm

The proposed loss function can be highly multi-modal for multi-quantile time series
models such as the models developed in this paper. The estimation issue of quantiles
(single and multiple) is well known in the literature see e.g. Patton et al. (2019),

Engle & Manganelli (2004), White et al. (2012).

To address this issue we apply a combination of estimation strategies proposed by
Mitrodima & Oberoi (2023) and Patton et al. (2019). This is to obtain “warm” start-
ing values by considering the properties of the conditional quantiles (stationarity and
quantile ordering) (Mitrodima & Oberoi 2023) as well as allowing for some smoothing
(Patton et al. 2019). This procedure leads to improved estimates and is particularly

well suited to our model.

Here we consider the DMSQ-SAV specification for the sake of presenting the proce-
dure. The procedure begins by choosing a small set of possible values for Béi?i and 51-(5)
between 0.5 and 0.9. For instance, one may start off by setting all the 66(;)2 at 0.5 and

then at 0.7, and 51-(5) at 0.5 and 0.9. This initially gives four sets of starting 3 values.

Associated with each set of § values, a set of five possible values for fyéi?i or fy-(s) is

chosen. The possible values for yéi). are {—0.2,—0.1,—0.02,—0.01,0} if 8, < 0.5 or

N2

{0,0.01,0.02,0.1,0.2} if 6, > 0.5. For 7(8) and '7(()%5),1" both positive and negative values

)
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from the above sets are chosen. A starting value for ugi) can be chosen so that the

unconditional mean of gy, ;/s; is equal to the corresponding quantile of a standard
normal distribution (although, other distribution could be used). The initial value

for u((,i) is

z Z) \— z |yt|
o = (- w2

where @p, is the quantile of standard normal distribution at probability level 0;,. We

lwel | 1 9 .. . . (2)
also set K [i’—:] = M\/;' A similar strategy is applied to the IQR, whereby w,
is chosen so that the unconditional mean of s; is equal to the corresponding sample
IQR. This procedure can easily be extended to the other specification that we propose

here.

The procedure for finding initial values for the proposed specifications exploits the
use of standardised quantiles. Our estimation approach is similar in spirit to the
variance targeting strategy explained in Christoffersen (2003), but it is only used to
initialise the optimisation, not as a constraint. Following Engle & Manganelli (2004),
we initialise the quantile and interquartile range series at their empirical counterparts

(using the first 300 observations).

As for smoothing the indicator function we replace this by a Logistic function, since
the smoothing function of the Logistic function converges to the indicator function
as the smoothing parameter v — co. In our empirical exercise we choose v = 5 and

v = 20 following Patton et al. (2019).

As the smoothed objective function is differentiable, we first use gradient-based nu-
merical search algorithms (e.g. fminunc or fmincon) for the set of initial parameter
values described above first for v = 5 and then for v = 20 . Separate optimisers of the
loss function are then run for the obtained initial parameter values (the Matlab op-
timiser “fminsearch” was used in our examples), and the outputted parameter value

with the largest value is reported as the estimate.
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4 Analysis of stock index data

We use data provided by Datastream. We analyse the S&P500 index (SPX), along
with Russell 2000 (RUT), Russell 1000 (RUI), and NASDAQ 100 (NDX). The com-
plete data set consists of daily log returns from January 01, 2001 to November 20, 2024.
We will initially consider inference to understand the underlying dynamics of the re-
turn distribution. For comparison, we estimate a GARCH(1,1) and the autoregressive
conditional density model (ARCD) by Hansen (1994) as well as our proposed scale-
shape models DMSQ-SAV and DMSQ-AS for the 1%, 5%, 256%, 50%, 75%, 95% and
99% probability levels.

The results for RUT, RUI, and NDX can be found in the Appendix C as here we only
present the SPX results.

4.1 Results

The estimated conditional quantiles and their values standardised by the conditional
IQR for SPX are presented in Figures 2 and 3 along with the relevant quantiles for
the benchmarks (GARCH and ARCD).

The results show that there is substantial time-variation in the conditional quantiles
captured by our models and ARCD, but not by GARCH. The estimated standardised
conditional quantiles for our models show much less variation over time and illustrate
that a lot of the time-variation in the conditional quantiles can be captured through
the conditional IQR. The smoothness of the estimated standardised conditional quan-
tiles varies with the probability level with the paths becoming rougher in the tails
of the distribution (DMSQ-SAV). The estimated standardised conditional quantiles
also show clear differences between our models and GARCH and ARCD.

GARCH assumes that the standardised conditional quantiles are constant over time.
The estimates of the conditional quantiles are similar. This is because GARCH
cannot accommodate the heavier tails following a shock leading to overestimation of

the volatility. This emphasises the importance of allowing the shape of the conditional
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UnStandDens_spx.pdf

Figure 2: Conditional density: quantile estimates for SPX
(a) DMSQ-SAV, (b) DMSQ-AS, (¢)GARCH, (d)ACRD
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StandDens_spx.pdf

Figure 3: Conditional density: standardised quantile estimates for SPX
(a) DMSQ-SAV, (b) DMSQ-AS, (¢)GARCH, (d)ACRD
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distribution of returns to change over time.

The estimates of the conditional skewness and kurtosis can be calculated from the es-
timated conditional quantiles using the following formulae suggested by White et al.
(2010) and Kim & White (2004), who follow the statistics literature on robust esti-
mators of higher moments. The daily conditional skewness is estimated as

qo.75,¢ + Go.25¢ — 2 X qo.50,¢
qo.75,t — q0.25.¢

and the kurtosis as
4o.99,t — do.o1,t 3.45.
qo.75,t — 40.25,¢

In Figures 4a and 4b, we plot the series of the conditional skewness and kurtosis for

SPX, estimated by the four models and an empirical rolling one against the data.

The conditional skewness results for SPX using the DMSQ models (in Figure 4a) show
a clear pattern with periods of both positive and negative skewness. These estimates
are consistent with what we might expect from a stock, with positive skewness in
better times and negative skewness in times of stress. The ARCD model also shows a
similar pattern over time but smooths out some of the features. The DMSQ models
also generate much greater range in the conditional kurtosis over time (Figure 4b).
In contrast, the estimated conditional skewness for SPX is negative at all times but
with a much wider range of values for the DMSQ-SAV and DMSQ-AS models. Once
again, the negative conditional skewness of the index is consistent with the stylised
facts of returns data. Although the causes of this effect may be disputed, it is well
known that indices display a more pronounced leverage effect than their constituent
stocks individually. One explanation for this is that correlations between returns are

higher in bad times than in good ones.

4.2 Hit ratios

One way to evaluate the fit or the performance of quantile models is to compare their
in-sample hit ratios (coverage). We report in-sample hit ratios (= ZtT:1 Iy < qo4))

for each of the joint quantile models and their benchmarks for SPX.
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Skewness_spx.pdf

(a) Skewnes

Kurtosis_spx.pdf

(b) Kurtosis

Figure 4: Conditional skewness and kurtosis for SPX
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Table 1: In-sample hit ratios (7 ST Iy < qoy)) for SPX

0 099 | 0.95 | 0.50 | 0.05 | 0.01 | 0.25 | 0.75

DMSQ SAV [0.9903|0.9499| 0.4963 |0.0511|0.0117| 0.2422 |0.7505
DMSQ AS |0.9888 10.9501| 0.4846 | 0.0519 | 0.0120 | 0.2397 | 0.7508
ARCD 0.9752 | 0.9176 | 0.4962 | 0.0661 | 0.0195 | 0.2287 | 0.7485
GARCH 0.9842 | 0.9441 |0.4993| 0.0588 | 0.0145 |0.2543| 0.7457

Note: The sample ranges from January 01,2002, to December 31,2014. With bold we
indicate the best performing model. The winner here is DMSQ SAV.
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All models which account for a time-varying conditional density perform well overall,
with the two new models outperforming ARCD. On the other hand, GARCH doens’t
seem to be able to capture potential short-term shifts in the location of the return
distribution. As a result, the in-sample hit ratios of the outer conditional quantiles
appear to be biased. This may support the case for allowing the returns themselves
to have some dependence, as suggested by Kuester et al. (2006). An alternative
explanation is that our proxy for the scale does a good job in capturing the long-

range dependence in scale.

However, the objective of this paper is not only to propose a more parsimonious and
intuitive model for multiple conditional quantiles, but also to examine the implica-

tions for time variation in the shape of the underlying distribution.

5 Conclusion

In this paper, we propose a multi-quantile time series model for the conditional dis-
tribution of index returns. The model is constructed by specifying a process for the
scale (which is taken to be the IQR) and the standardised conditional quantiles (which
control the overall shape of the distribution). This mimics the standard approach to
modelling financial time series, where the returns are modelled as the product of a
scale and a random shock drawn from a time-invariant distribution (e.g. GARCH or
stochastic volatility modelling). Our approach builds a single model for several con-
ditional quantiles estimated jointly and so avoids the need for two-stage estimation.
The decomposition also assists with the crossing problem, as does our estimation

strategy of targeting the level of the quantile process when setting initial values.

A major benefit of this approach is that we have both a robust estimate of the time-
varying scale of return distribution whilst also having time-varying estimates of the
shape of the conditional distribution. This allows us to better understand where the
largest changes in the conditional distribution of returns occur. Our results suggest
that a robustly estimated scale can capture most of the dynamics of the conditional

return distribution which leaves a relatively stable underlying shape that can be
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captured by fairly simple dynamics.

The estimated conditional return distribution offers useful insights into the dynamics
of asset returns. While each quantile, when individually modelled, requires long
memory and asymmetry to be captured adequately, this effect is subsumed in the
scale dynamics. Once the scale dynamics are accounted for, the standardised tails
are suitably represented by a very simple time series process, with very occasional
spikes and a little structure still remaining. This supports the use of a sufficiently
complicated volatility structure to model fat-tailed and skewed return distributions,
but not necessarily the introduction of complicated distributional assumptions for the

underlying shocks.
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Appendix

A Assumptions

Assumption 1 (A) L(y:, Qi(8), s:(B);0) obeys the uniform law of large numbers

(B) (i) The parameter space B is a compact subset of RP for p < oo
(i1) {y:}s2, is a strictly stationary process. Conditional on all information set
in the past, F;_1, the distribution of y, is Fy(-|Fi—1), Vt and belongs to a
class of distribution functions on R with finite first moments and unique
0-quantiles

(11i) Both Qi(8), YVt and s.(B), Vt are F,_1-measurable and a.s. continuous in

B
() If PriQy(B) = Qi«(B°) N s:(B) = 5,(B8°)] = 1 Vt,then B = B°

Assumption 2 (A) We have Vt:
(i) Qi«(B) and s,(B) are a.s. twice continuously differentiable in 3
(1)) 0 < qo,t(B°) < @0,4(B°) < G0,4(B°) < 5:(B%) < 40,4(B°) < qu:4(8°) <
0,.4(B°) <0
(B) We have Vt:
(i) conditional on all the past information Fi_1, y; has a continuous density
fi(-|Fi-1) that satisfies fi(y|Fi—1 < Ko < 0o and | fo(y'[Fi-1) — fe(y"| Fi-1) <
Koly' — /"
(i1) E[|y:|*T°] < Ko < 0o, for some 0 < § < 1
(C) There exists a neighbourhood of B3°, N'(3°), such that Vt we have:
(i) = < Ky < 00,8 € N(8°)
=

s—cly|
(i1) there exist some (possibly stochastic) F;_1-measurable functions

V(Fi1), Vi(Fimr), Hi(Fior), Va(Fio1), Ha(Fio1)

that satisfy VB € N(B°) : |Q:(B)|< V(Fie1), |IVQ:(B)||< Vi(Fi1), || Vs:(B)]|<
Hi(Fi), |IV2Qu(B)|< Va(Fir), and ||V2s,(B)||< Ha(Fi-1)
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(D) For some 0 < <1 and ¥Vt we have
(i) BIVi(Fioa)*™), B (Fiet)* L EVa(Fis) 5 L B[ (Fia) 2] < Ko
(i) E[V(Fi1)? + 0Vi(Fm1) Hi(Fi1)® + 0] < Ko
(iii) E[Hy (Fo1)' " Ha(Feor) [y ], E[HL (For)* e 0] < Ko
(E) The matriz D, is (strictly) positive definite for n sufficiently large
(F) {lye. Qu(B°), 5:(8°), V'Qu(B°), V'su(B)]} is a-mizing with 355, a(m)"=2/" <

oo for some r > 2

(G) For any n,supgcp 3 4y Iiy—qup) < Ko as.

Assumption 3 (A4) Let a deterministic positive sequence c,, that satisfies ¢, = o(1)
and c;' = o(n'/?)
(B) (i) 3 Ty h(B)h(B°) = An % 0
(i) 2300 sz V's1(B°)Vsi(B°) — El o V's:(8°) Vsi(B°)] = 0
(iii) L1 MLEIR GG, (37 VQ,(8°) ~E[ AL T, (8°)VQu(8°)] 5
0

B Proofs

Theorem 2 proof. To prove Theorem 2 we use the results in Newey & McFadden
(1986) (Theorem 2.1). Assumptions (ii) to (iv) of Theorem 2.1 (Newey & McFadden
1986) are clearly satisfied for the time series data that we consider here. Thus, we need
to show only that assumption (i) holds i.e. that E[Lyp,(-)] is uniquely minimised
at 3.

Under Assumption 1(B)(iii) and the fact that our choice of the objective function
Lyp satisfies the condition as in Theorem 5.2 (Fissler & Ziegel 2016) it holds that
E[Lnp(y, Qi(8), s¢(8); 0)|Fi—1] is uniquely minimised at (Q(y;|Fi—1), s(y¢|Fi—1)), which
equals (Q4(8°), s:(8°)) under the correct specification. Combining this assumption
and Assumption 1(B)(iv), 8° is a unique minimiser of E[Lyp,(-)] which completes

the proof.
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Theorem 3 proof. The result is obtained directly by drawing from Lemma A.1 of
Weiss (1991) and verifying that assumptions N1-N5 are satisfied. Assumptions N1,
N2, N5 are satisfied given our Assumptions 1-2, while for assumptions N3 and N4

we need to show:

— Under Assumptions 1-2, Assumption N3(i) of Weiss (1991) holds:

X3 = allB = B°ll,  for [|B = B°|| < do,

for n sufficiently large, where a and dy are strictly positive numbers.

— Define
pe(B;d) = sup  |[h(&) — hi(B)]]-

€-Bli<d
Then, under Assumptions 1-2, Assumption N3(ii) of Weiss (1991) holds:

for n sufficiently large, where b, d, and dy are strictly positive numbers.

— Under Assumptions 1-2, Assumption N3(iii) of Weiss (1991) holds:
Elu(B; d)) < bd, for |8 — B°|| +d < dy, and some p > 2,

for n sufficiently large, and where b > 0, d > 0, and d, > 0.

— Under Assumptions 1-2, E||h;(8°)]|?**° < N, for all ¢ and some N > 0.

The above results follow directly from the lemmas in Patton et al. (2019) and for the

proposed models here.

We also need to show that a CLT applies for the sequence

{nlmi:ht(ﬁo)} :

with asymptotic covariance matrix A,, = E[h;(8°)h(3°)']. We denote A(B°) as D,
leading to the stated result. Again, the result follows from Lemma 7 in Patton et al.

(2019):
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Under Assumptions 1-2:
n~1/?2 Z h:(8°) 4 N(0,A,) asn— oo,
t=1

The sequence {h:(3°)} is stationary by Assumption 1(B)(ii), and has zero mean.
Corollary 5.1 of Hall & Heyde (1980) and the Cramer-Wold result along with As-
sumption 2(F) and the fact that under Assumptions 1-2, E||h(3%)]|>™ < N, for all ¢

and some N > 0 give the result.

Outline of Theorem 4 proof. The proof that A, — A, £ 0 (Assumption 3B(i),
Theorem 2) is standard.

Let

n

D,=n" [%1 (‘yt - Qt(50)| < Cn) V'Qu(B°)VQL(B°)

t=1

9B el i oo
@) eyl 1 PIVHE )]

We show that D,, — D,, = 0,(1) and D,, — D,, = 0,(1).

Let:
an - Dn” < (2ncn)_l
« Z 1|y = @B < ) = 1(J — QB < )| V(B VQU(B,)

(- o) - cn) (VQUB,) - V() Vs,
+1(\yt Qu(B°)| < ) VQU(B"Y (VQU(B,) ~ VQu(B)]

~

St 5 - C’?Jt‘
,3 - C|yt|
St(ﬁo) - C|yt|

5t(B°) — clyi|

-1

V’st(Bn)Vst(Bn)

V's(B%) Vs (8°)

In Theorem 2 we show that the last two lines are o0,(1) in the proof of Theorem 2.
Engle & Manganelli (2004) also show that the lines with the indicator functions are

also 0,(1).
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Let’s now consider:

n

Dn - Dn = 2nlcn |:1 |yt - (/80)‘ < Cn) - E[l(‘yt - Qt(IBO)| < Cn) |~/T'.t—lﬂ v/Qt(IBO)th(BO)
%Z 5Bl = QU < )|Fia] VQUB) V()
~ E[(Qi(8)V'QuB°)VQi(8°)] |
+ 0p(1)

Following Engle & Manganelli (2004), Assumptions 1-3 are sufficient to show D, —
D,, = 0,(1) and the result follows.

C Additional Figures

This sectiom contains figures and tables for RUT, RUI, and NDX corresponding to
those reported in the paper for SPX.

The estimated conditional quantiles and their values standardised by the conditional
IQR for RUT are presented in Figures A1 and A2 along with the relevant quantiles
for the benchmarks (GARCH and ARCD).

In Figures A3a and A3b, we plot the series of the conditional skewness and kurtosis

for RUT, estimated by the four models and an empirical rolling one against the data.

We also report the violation hits in Table 2.
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UnStandDens_rut.pdf

Figure A1l: Conditional density: quantile estimates for RUT
(a) DMSQ-SAV, (b) DMSQ-AS, (¢)GARCH, (d)ACRD

37




StandDens_rut.pdf

Figure A2: Conditional density: standardised quantile estimates for RUT
(a) DMSQ-SAV, (b) DMSQ-AS, (¢)GARCH, (d)ACRD
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Skewness_rut.pdf Kurtosis_rut.pdf

(a) Skewnes (b) Kurtosis

Figure A3: Conditional skewness and kurtosis for RUT

Table 2: In-sample hit ratios (7 ST I(y < goy)) for RUT

0 0.9 0.95 | 0.50 | 0.05 | 0.01 | 0.25 | 0.75
DMSQ SAV|0.9892 |0.9490|0.4999|0.0510|0.0102| 0.2471 |0.7494
DMSQ AS | 0.9885 [0.9490/| 0.5007 | 0.0518 | 0.0097 | 0.2445 | 0.7512
ARCD 0.9923| 0.9479 | 0.4923 | 0.0456 | 0.0083 | 0.2414 | 0.7463
GARCH 0.9847 | 0.9414 | 0.4990 | 0.0548 | 0.0122 {0.2511| 0.7474

Note: The sample ranges from January 01,2002, to December 31,2014. With bold we

indicate the best performing model.
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The estimated conditional quantiles and their values standardised by the conditional
interquartile range for RUI are presented in Figures A4 and A5 along with the relevant

quantiles for the benchmarks (GARCH and ARCD).

In Figures A6a and A6b, we plot the series of the conditional skewness and kurtosis

for RUT, estimated by the four models and an empirical rolling one against the data.

We also report the violation hits in Table 3.
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UnStandDens_rui.pdf

Figure A4: Conditional density: quantile estimates for RUI
(a) DMSQ-SAV, (b) DMSQ-AS, (¢)GARCH, (d)ACRD
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StandDens_rui.pdf

Figure A5: Conditional density: standardised quantile estimates for RUI
(a) DMSQ-SAV, (b) DMSQ-AS, (¢)GARCH, (d)ACRD
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Skewness_rui.pdf Kurtosis_rui.pdf

(a) Skewnes (b) Kurtosis

Figure A6: Conditional skewness and kurtosis for RUI
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Table 3: In-sample hit ratios (7 ST Iy < goy)) for RUI

0 0.99 | 0.95 | 0.50 | 0.05 | 0.01 | 0.25 | 0.75
DMSQ SAV 0.9903|0.9499| 0.4950 | 0.0515 | 0.0118 | 0.2430 |0.7508
DMSQ AS |0.9895 | 0.9484 | 0.4917 | 0.0513 |0.0117| 0.2375 |0.7547
ARCD 0.9940 | 0.9462 | 0.4931 |0.0496| 0.0080 | 0.2320 |0.7474

GARCH 0.9852 | 0.9429 [0.5014| 0.0590 | 0.0128 |0.2508|0.7479
Note: The sample ranges from January 01,2002, to December 31,2014. With bold we

indicate the best performing model.
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The estimated conditional quantiles and their values standardised by the conditional
interquartile range for NDX are presented in Figures A7 and A8 along with the
relevant quantiles for the benchmarks (GARCH and ARCD).

In Figures A9a and A9b, we plot the series of the conditional skewness and kurtosis

for NDX, estimated by the four models and an empirical rolling one against the data.

We also report the violation hits in Table 4.
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UnStandDens_ndx.pdf

Figure A7: Conditional density: quantile estimates for NDX
(a) DMSQ-SAV, (b) DMSQ-AS, (¢)GARCH, (d)ACRD
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StandDens_ndx.pdf

Figure A8: Conditional density: standardised quantile estimates for NDX
(a) DMSQ-SAV, (b) DMSQ-AS, (¢)GARCH, (d)ACRD
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Skewness_ndx.pdf Kurtosis_ndx.pdf

(a) Skewnes (b) Kurtosis

Figure A9: Conditional skewness and kurtosis for NDX
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Table 4: In-sample hit ratios (7 ST Iy < go)) for NDX

6 0.99 | 0.95 | 0.50 | 0.05 | 0.01 | 0.25 | 0.75
DMSQ SAV|0.9907 |0.9502| 0.4901 | 0.0519 [0.0118]| 0.2371 | 0.7473
DMSQ AS [0.9900|0.9502| 0.4856 | 0.0518 | 0.0127 | 0.2342 | 0.7460
ARCD 0.9907 | 0.9454 | 0.4850 |0.0503| 0.0080 | 0.2295 | 0.7477

GARCH 0.9844 | 0.9417 {0.4980| 0.0644 {0.0118|0.2562|0.7487
Note: The sample ranges from January 01,2002, to December 31,2014. With bold we

indicate the best performing model.
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