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Overview

• We explore time variation in the shape of the conditional return
distribution using a model of multiple quantiles under a
semi-parametric framework
• We propose a joint model of scale (proxied by the interquartile range)

and other quantiles standardised by the scale
• The model allows us to estimate the scale and shape of the

distribution (both time-varying) in one step
• We find that once we effectively capture the dynamics of the scale,

the time variation in the shape allows a simpler interpretation
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Time-dependence beyond variance

• GARCH (1,1) with standard normal shocks (Bollerslev, 1986) captures
a great deal of dependence in the conditional variance, but requires
modification to better fit the tails of many return distributions
(French et al., 1987; Bollerslev, 1987; Hansen and Lunde, 2005)
• Leverage effect (Schwert, 1989; Nelson, 1991; Glosten et al., 1993;

Engle and Ng, 1993)
• Alternative distributions for the underlying shocks (Bollerslev, 1987;

McNeil and Frey, 2000)
• Models with tails and long memory in volatility (Ding et al., 1993) or

component models (Ding and Granger, 1996; Engle and Lee, 1999)
• Semiparametric GARCH (Engle and Gonzalez-Rivera, 1991; Kalli

et al., 2014) and nonparametric stochastic volatility models (Jensen
and Maheu, 2010; Delatola and Griffin, 2011)
• Continuous time stochastic volatility models for fat-tailed return

distributions with leverage effects as well as jumps in returns and
volatility in option pricing (Chernov et al., 2003; Bates, 2006)
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Addressing challenges

Despite the above improvements, fitting the tails of the return distribution
remains a difficult task.
• Gallant et al. (1991) show that the standardised error term has a

time-varying conditional distribution
• As it is difficult to model the entire distribution, modelling efforts

beyond the variance have focused on higher moments such as
skewness and kurtosis e.g. Hansen (1994), Harvey and Siddique
(1999), Backus et al. (1997), Christoffersen et al. (2013)
• Kim and White (2004) proposed the use of quantile based estimators

(rather than estimators based on averages of past realised moments)
• White et al. (2010) proposed joint models of conditional quantiles to

obtain robust estimates of conditional skewness and kurtosis 1

1however, multiple quantiles cannot be satisfactory estimated using separate
application of single quantile models at different probability levels since these estimates
do not guarantee monotonicity of the quantile function
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Addressing challenges: scale information separately
obtained and then used to enhance quantile models

• Jeon and Taylor (2013) model value at risk (VaR) by incorporating
option implied volatility in a CAViaR model
• Chen and Gerlach (2014) use intra-day data to capture volatility and

tail risk for estimating expected shortfall (ES) in an auto-regressive
expectile model
• Taylor (2008) estimates VaR and ES using expectiles
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Our approach

• We use the information in the daily returns to model both the scale
and the shape dynamics in a single estimation step
• We separately specify dynamics for a common time-varying scale and

the quantiles standardised by this time-varying scale
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Advantages

Our approach:
• naturally extends GARCH and stochastic volatility models and allows

for a richer analysis of the conditional distribution via quantiles
• helps avoid quantiles crossing in the estimation procedure
• uses the scale as a common factor that builds dependence across

quantiles in a parsimonious manner 2

• In turn, this makes it easier to estimate the model with the quantiles
in their standardised form
• achieves a robust scale and shape decomposition of the conditional

return distribution
• allows simpler comparison to commonly used models for financial

time series which directly model the conditional variance

2intuition: most of the variation in the shape of the conditional return distribution
should be captured by a time-varying volatility process
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Motivation: Scale and shape decomposition
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Figure: SPX from January 01, 2001 to December 31, 2014. (a) Separately
estimated conditional quantiles (b) Differences between adjacent conditional
quantiles
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Contributions

• We present some novel dynamic multiple standardised quantile
(DMSQ) models. Under a semiparametric framework estimation and
prediction is fast and simple to implement
• We provide the asymptotic theory for a general class of

semiparametric DMSQ models. 3

• Drawing on Fissler and Ziegel (2016), our third contribution is to
address the problem of elicitability directly. This introduces new
directions in multiple quantile modeling and prediction
• Our forth and final contribution is an application of our new models

and estimation methods on four equity indices over a long period
ranging from January 2001 to November 2024. We compare these
new models with existing methods from the literature

3This theory is an extension of results for VaR presented in Weiss (1991) and Engle
and Manganelli (2004), and draws on identification results in Fissler and Ziegel (2016)
and results for M-estimators in Newey and McFadden (1994)
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DMSQ models
The model can be expressed in terms of the conditional quantiles of the
return distribution at probability levels θ1, θ2, . . . , θK using the
transformations qθ1,t = qθ2,t + st and qθk ,t = stq(z)

θk ,t for k = 2, . . . ,K
leading to the following model for qθ1,t , qθ2,t , . . . , qθK ,t

st = u(s) +
M∑

i=1
β

(s)
i st−i +

L∑
j=1

γ
(s)
j lj (y1, . . . , yt−1) (1)

qθ1,t = qθ2,t + st (2)

qθk ,t = st

u(z)
θk

+
M∑

i=1
β

(z)
θk ,i

qθk ,t−i
st−i

+
L∑

j=1
γ

(z)
θk ,j lj

(y1
s1
, . . . ,

yt−1
st−1

) (3)

where k = 2, . . . ,K ,M and L are the orders of the model, u(s), β(s)
i , and

γ
(s)
i are scalars, u(z)

θk
and γ(z)

θk ,j are (K − 1)-dimensional vector, β(z)
θk ,i is a

((K − 1)× (K − 1))-dimensional matrix with the non-diagonal equal to
zero and lj (y1, . . . , yt−1) represents a function of the history of the return
series
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DMSQ-SAV

Choosing M = 1, L = 1, θ1 = 75%, θ2 = 25% and
l1(y1, . . . , yt−1) = |yt−1| leads to a generalisation of the symmetric
absolute value (SAV) CAViaR model Engle and Manganelli (2004), and
has the form

st = u(s) + β(s)st−1 + γ(s) |yt−1| (4)
qθ1,t = qθ2,t + st (5)

qθk ,t = st

(
u(z)
θk

+ β
(z)
θk

qθk ,t−1
st−1

+ γ
(z)
θk

|yt−1|
st−1

)
, k = 3, . . . ,K (6)

where we drop 1 from β
(z)
θk ,1 and γ(z)

θk ,1 for ease of reading
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DMSQ-AS

We choose l1(y1, . . . , yt−1) = y+
t−1 and l1(y1, . . . , yt−1) = y−t−1 where the

notation employed is: y+ = max(y , 0) and y− = −min(y , 0). This leads
to a generalisation of the asymmetric slope (AS) CAViaR model Engle and
Manganelli (2004), which has the form

st = u(s) + β(s)st−1 + γ(s) y+
t−1 + δ(s) y−t−1 (7)

qθ1,t = qθ2,t + st (8)

qθk ,t = st

(
u(z)
θk

+ β
(z)
θk

qθk ,t−1
st−1

+ γ
(z)
θk

y+
t−1

st−1
+ δ

(z)
θk

y−t−1
st−1

)
, k = 2, . . . ,K

(9)

Gelly Mitrodima Scale and shape dynamics 15 / 47



Elicitability

A risk measure (statistical functional) is elicitable if there exists a loss
function such that the risk measure is the solution to minimising the
expected loss e.g. VaR is elicitable using the tick loss function.
Thus, we need to show that the new DMSQ models have such loss
function.
We show that T = (qθ1 , · · · , qθ6 , s) is elicitable and identifiable. To do so,
we follow similar steps to Fissler and Ziegel (2021), who show that
T ′ = (qθ1 , qθ2 ,RVaRθ1,θ2) (RVaRθ1,θ2 is the range VaR) is elicitable under
weak regularity conditions.
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Consistent scoring rule for DMSQ

We show that the following class of loss functions (indexed by the
functions Gr and H) is consistent for Q = [qθ1 , · · · , qθ6 ], and s. That is,
minimising the expected loss using any of these loss functions returns the
true Q and s.

L0(y ,Q, s; θ,Gr ,G) =
(K+1)−1∑

r=1
(1{y≤qr} − θr )Gr (qr )− 1{y≤qr}Gr (y) (10)

+ H ′(s) (s + Lθ2(q2, y)− Lθ1(q1, y)) (11)
− H(s) + a(y) (12)

where the tick loss function Lθr = (1{y≤qr} − θr )(qr − y)
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Normalised distance loss function

We choose Gr (qr ) = qr and H(s) =
∣∣s − c|y |

∣∣, where c = 1.349
√

(π/2).
Thus, the normalised distance loss function, LND, is a consistent loss
function for (Q, s)

LND(y ,Q, s; θ) =
6∑

r=1
(1{y≤qr} − θr )(qr − y) (13)

+ s − c|y |∣∣s − c|y |
∣∣(s + Lθ2(q2, y)− Lθ1(q1, y)) (14)

−
∣∣s − c|y |

∣∣ (15)

We choose to work with the absolute distances of the scale s from the
interquantile of the (relevant) standard normal distribution.
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Proposition

Under the assumption that the conditional quantiles of interest can be
negative and positive while the IQR is strictly positive, the loss differences
generated by the proposed loss function are homogeneous of degree zero
iff Gr (qr ) = qr and H(s) =

∣∣s − 1.349
√

(π/2)|y |
∣∣.
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Estimation of DMSQ models

The parameters of the DMSQ models are estimated by minimising the
normalised distance loss function, LND. Let a sample of observations
y1, . . . , yn generated by the model

yt = Qt(β0)st(β0), t = 1, . . . , n (16)

The vector of unknown parameters to be estimated is β0 ∈ B ⊂ Rp. Let

LND,n(β) = n−1
n∑

t=1
LND(yt ,Qt(β), st(β); θ)

then the unknown parameters are estimated by minimising

β̂n = arg min
β∈B

LND,n(β) (17)

at fixed probability levels θ = [75%, 25%, 1%, 5%, 95%, 99%].
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Consistency

Theorem 1

β̂n
p−→ β0 as n→∞

For the financial time series considered here, various uniform laws of large
numbers can be applied to verify the assumptions. We also consider
assumptions that are standard in time series parameter inference.
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Asymptotic normality

Theorem 2
√

nA−1/2
n Dn(β̂n − β

0)
d
−→ N(0, I) as n →∞

where

Dn = E
[

ft (Qt (β0)|Ft−1)∇′Qt (β0)∇Qt (β0) +
st (β0)− c|yt |∣∣st (β0)− c|yt |

∣∣∇′st (β0)∇st (β0)
]

An = E[ht (β0)ht (β0)′]

ht (β) =
∂LND(yt ,Qt (β), st (β); θ)

∂β

= ∇′Qt (β0)

6∑
r=1

(
1{yt≤qr,t} − θr

)
+

6∑
r=1

(
1{yt≤qr,t} − θr

)
(qr,t (β)− yt )

+
st (β0)− c|yt |∣∣st (β0)− c|yt |

∣∣ (∇′st (β0) +∇′Lθ2 −∇
′Lθ1 )

+
st (β0)− c|yt |∣∣st (β0)− c|yt |

∣∣∇′st (β0)

Gelly Mitrodima Scale and shape dynamics 23 / 47



Asymptotic normality cont.

∇′Lθ2 = ∇′q2,t(β0)
(
1{yt≤q2,t} − θ2

)
+
(
1{yt≤q2,t} − θ2

)
(q2,t(β)− yt)

∇′Lθ1 = ∇′q1,t(β0)
(
1{yt≤q1,t} − θ1

)
+
(
1{yt≤q1,t} − θ1

)
(q1,t(β)− yt)

Gelly Mitrodima Scale and shape dynamics 24 / 47



Asymptotic covariance matrix

Theorem 3

Ân − An
p−→ 0 and D̂n −Dn

p−→ 0 where

D̂n = n−1
n∑

t=1

[ 1
2cn

1
(∣∣yt − Qt(β̂n)

∣∣ < cn
)
∇′Qt(β̂n)∇Qt(β̂n)

+ st(β̂n)− c|yt |∣∣∣st(β̂n)− c|yt |
∣∣∣∇′st(β̂n)∇st(β̂n)

]

Ân = n−1
n∑

t=1
ht(β̂n)ht(β̂n)′
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Algorithm

• The proposed loss function can be highly multi-modal for
multi-quantile time series models. The estimation issue of quantiles
(single and multiple) is well known in the literature see e.g. Patton
et al. (2019); Engle and Manganelli (2004); White et al. (2012)
• We apply a combination of estimation strategies
− to obtain “warm” starting values by considering the properties of

the conditional quantiles (stationarity and quantile ordering)
(Mitrodima and Oberoi, 2023)

− to allow for some smoothing (Patton et al., 2019)

This procedure leads to improved estimates and is particularly well suited
to our model.
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DMSQ-SAV: “warm” starting values

• Small set of possible values (4 sets for 2 values) for β(z)
θk ,i and β(s)

i
between 0.5 and 0.9
• Associated with each set of βs possible values for γ(z)

θk ,i are
{−0.2,−0.1,−0.02,−0.01, 0} if θk < 0.5 or {0, 0.01, 0.02, 0.1, 0.2} if
θk > 0.5
• γ(s)

i and γ(z)
0.5,i , both positive and negative values from the above sets

are chosen
• u(z)

θk
we assume the unconditional mean of qθk ,t/st is equal to the

corresponding quantile of a standard normal distribution (although,
other distribution could be used)
• The initial value for u(z)

θk
is u(z)

θk
= (1− β(z)

θk ,1)qθk − γ
(z)
θk ,1E

[
|yt |
st

]
, where

qθk is the quantile of standard normal distribution at probability level
θk
• We also set E

[
|yt |
st

]
= 1

1.347

√
2
π . A similar strategy is applied to the

IQR, whereby u(z)
t is chosen so that the unconditional mean of st is

equal to the corresponding sample IQR
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Estimation approach

• The procedure for finding initial values exploits the use of
standardised quantiles 4

• Following Engle and Manganelli (2004), we initialise the quantile and
interquartile range series at their empirical counterparts (using the
first 300 observations)
• For smoothing the indicator function we replace this by a Logistic

function, since the smoothing function of the Logistic function
converges to the indicator function as the smoothing parameter
ν →∞. Here we choose ν = 5 and ν = 20 (Patton et al., 2019)
• The smoothed objective function is differentiable and so we first use

gradient-based numerical search algorithms (e.g. fminunc or fmincon)
for the set of initial parameter values for ν = 5 and then for ν = 20
• Separate optimisers of the loss function are then run for the obtained

initial parameter values (“fminsearch”), and the largest value
parameter is reported as the estimate

4Our estimation approach is similar in spirit to the variance targeting strategy
explained in Christoffersen (2003), but it is only used to initialise the optimisation, not
as a constraintGelly Mitrodima Scale and shape dynamics 28 / 47
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Data and models

• We use data provided by Datastream
• We analyse the S&P500 index (SPX), along with Russell 2000

(RUT), Russell 1000 (RUI), and NASDAQ 100 (NDX)
• The complete data set consists of daily log returns from January

01, 2001 to November 20, 2024
• For comparison, we estimate a GARCH(1,1)5 and the autoregressive

conditional density model (ARCD) by Hansen (1994)6 as well as our
proposed scale-shape models DMSQ-SAV and DMSQ-AS for the
1%, 5%, 25%, 50%, 75%, 95% and 99% probability levels.

5Monte Carlo simulation: standardise residuals by GARCH(1,1) and draw from them
randomly and use them as returns in a new GARCGH(1,1) of length 1000.

6Hansen (1994) proposed an explicit model of time-varying higher moments, where
he considers a parsimonious density function which generalises the standard normal to
generate heavy tails, skewness, or bi-modality
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Conditional density: unstandardised quantile estimates for
SPX

2005 2010 2015 2020
-20

-15

-10

-5

0

5

10

15

20
(a)

2005 2010 2015 2020
-20

-15

-10

-5

0

5

10

15

20
(b)

2005 2010 2015 2020
-20

-15

-10

-5

0

5

10

15

20
(c)

2005 2010 2015 2020
-20

-15

-10

-5

0

5

10

15

20
(d)

Figure: (a) DMSQ-SAV, (b) DMSQ-AS, (c)GARCH, (d)ACRD
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Conditional density: standardised quantile estimates for
SPX
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Figure: (a) DMSQ-SAV, (b) DMSQ-AS, (c)GARCH, (d)ACRD
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Robust estimators of higher moments

The estimates of the conditional skewness and kurtosis can be calculated
from the estimated conditional quantiles using the following formulae
suggested by White et al. (2010) and Kim and White (2004), who follow
the statistics literature on robust estimators of higher moments. The daily
conditional skewness is estimated as

q0.75,t + q0.25,t − 2× q0.50,t
q0.75,t − q0.25,t

and the kurtosis as q0.99,t − q0.01,t
q0.75,t − q0.25,t

− 3.45
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Conditional skewness for SPX
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Conditional kurtosis for SPX
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Hit ratios

One way to evaluate the fit or the performance of quantile models is to
compare their in-sample hit ratios (coverage). We report in-sample hit
ratios ( 1

T
∑T

t=1 I(yt < qθ,t)) for each of the joint quantile models and their
benchmarks for SPX.

Table: In-sample hit ratios ( 1
T
∑T

t=1 I(yt < qθ,t)) for SPX

θ 0.99 0.95 0.50 0.05 0.01 0.25 0.75
DMSQ SAV 0.9903 0.9499 0.4963 0.0511 0.0117 0.2422 0.7505
DMSQ AS 0.9888 0.9501 0.4846 0.0519 0.0120 0.2397 0.7508
ARCD 0.9752 0.9176 0.4962 0.0661 0.0195 0.2287 0.7485
GARCH 0.9842 0.9441 0.4993 0.0588 0.0145 0.2543 0.7457

Note: The sample ranges from January 01, 2001 to November 20, 2024.
With bold we indicate the best performing model.
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Conclusion

• A joint multi-quantile time series model is proposed for the
conditional distribution of asset returns, which separately specifies
− A process for the scale, proxied by the interquartile range
− A process for the standardised conditional quantiles, which

captures the distributional shape
• This structure mirrors standard financial time series models (e.g.

GARCH) where returns = scale×standardised shock
• Key benefits:
− A robust estimate of time-varying scale
− Time-varying shape estimate, offering better insight into return

distribution evolution
− The decomposition helps address quantile crossing, and the

algorithm improves estimation
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Conclusion

• Results show
− Scale captures most dynamics, leaving the shape relatively stable
− When scale is modelled properly, simple dynamics suffice to

represent the standardised tails
• Implication: Complex volatility models are useful, but complicated

distributional assumptions for shocks may be unnecessary
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